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Agenda
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* Energy, forces, static vs. dynamic analysis

* Numerical time integration (explicit vs. implicit schemes)
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» Discretization and assembly
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Mass-Spring Systems
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* Massless springs

o Stiffness k

e Point masses

e Mass m

* Rest length L

* Location x

F@%NEP Research
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L

LUV

F(x) = Eint () — Eoxt ()

%]{f(ﬂf — L)2 — fext(aj — L)

Work = force X

Potential energy displacement

ETH-zurich %ioso\\ep Research



28
dE(z) dEin(z) dEexs(z)
T de dx dx
L — fint(af) — fext
= k(z = L) = fext
Hooke’s law
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Static Analysis
‘ -

L

dE(xz) dEjpn(xr) dEo(x)

dx dx dx

-
- -
o
i
o~
o~
=
—
-

L |
€T -
:fint(a?)_fext = 0
Static equilibrium:
iINnternal forces = external forces
t
k(x_L):fext —> XU = f;x - L
E’"ZUFiCh Statlc SOlUtiOﬂ %fso\\ep Research



Static Analysis

'
,  Hooke’s law

!

Force

e Elastic springs

* Linear springs
- small displacement

Compression "

Hooke’s law

e (General: non-linear behavior
large displacements
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Static Analysis

T g

* Minimize energy

ma:;-.ln fstatic ($)

fstatic (QU)

= F(x)
= Eint () — Eoxt ()

%fso\\ep Research



Static Analysis

Y

* :
£z X
: |
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v
ETH-urich

* Minimize energy

ma:;-.ln fstatic ($) fstatic (ZC)

e Minimum ™
- first derivative: zero
- second derivative: positive

= E(x)

— Eint (37) — Eext (37)
E,.(z*) =0
E,r(z™) >0
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Static Analysis

Y

* Minimize energy

min fstatic ($) fstatic (ZE) — E($)

o . — Eint (37) — Eext (37)
e Minimum x

- first derivative: zero E.(x")

‘ | )

0

- second derivative: positve  Fp. () > 0

o Static equilibrium
|
E,’L’($*) — fint(aj*) — fext =0

%ioso\\ep Research



Equations of Motion
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Equations of Motion
— —
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e \elocity

o(t) = dfif)
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Equations of Motion
t

y w * Velocity
' dx(t)
: 1 —

ICEYVLRRRREE
' 132200

e Acceleration

dv(t)  d°z(t)
o . =" = e

(THTAVAVATAVAVAVAY:
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Equations of Motion
t

Q (it -
S
=

e \elocity

o(t) = dﬁit)

e Acceleration
dv(t)  d°z(t)
t J— J—
) = —4; at2
e Newton’s 2nd law
Restoring ma(t) = — Jint (t)
roree fint (1) =k (z(t) — L)

-—

L

ATHTAVRVAVATAYRYRYATAY,
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Equations of Motion
t

y ! y v e \elocity
5 = = dx(t)
= : = = t) =
z = v) d?
=1 : = e Acceleration
= s 1 do(t)  d%x(t)
= 5 é a(t) = —
[ ; x(t) dt dt2
£ _ : =
© _ JnAm , * Newton’s 2nd law
- E *
Lo : External ma(t) = — fint (L) + fext (t)
: force .
; fext = mg
\ 4

fext(t) = mg + cos(wt + @)
ETHzurich %ioso\\ep Research



Equations of Motion

_fint (t) - fext (t> _ fdamp (t)
fdamp (i) — ﬁﬂj(t)

Damping ma(t)
force

y I y e \elocity

E = dx(t

= | ot) = 22

s lv(t) dt

=L : o Acceleration

= s do(t)  d%x(t)

= ; a(t) — —

l _ : T Qj(t) dt dtz
£ _ : =

© _ JnAm , * Newton’s 2nd law

v
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Dynamic Analysis

ma(t) + fdamp(t) = —fint(t) + fext (?)

dax(t)

- 7y 1/ — _fint(t) - fext(t)

2nd order ordinary differential equation (ODE)
dai(i())
dt

$(f()) — X0

Initial value problem (IVP)
ETHzurich %ios:\\b‘p Research



Dynamic Analysis

How do we determine motion x(t) ?

| ’deit) — _fint (t) T fext (t)

2nd order ordinary differential equation (ODE)

dai(i())
dt

$(f()) — X0

Initial value problem (IVP)
ETHzurich %ios:\\b‘p Research
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Dynamic Analysis

* [Two coupled 1st order ODEs

dx(t) dv(t) 1

g — ”U(t) 7 — . (_fmt( )_|_ fext( ) ”ﬂ)(t))

ETH-zurich %ios:\\ep Research



Dynamic Analysis

* [Two coupled 1st order ODEs
dax(t)

dat

* Rewrite as one system of 1st order ODES

ETH:zurich

y(t)

Initial value problem (IVP)

dv(t) 1
o{) i~ m
- x(t) (1)
_U(t)_ Y(t)__%(
i $(t0) )
Y<t0) — _ U(t()) _ —

_fint(t) =+ fext - ’)/U(t)) )

L0

(Y0

v(t)

(—fint (1) + fext (t) — yo(1))

%ios:\\b‘p Research



ETH:zurich

Dynamic Analysis

Given system of 1st order ODEs with initial
conditions, how do we solve for y(t) ?

Initial value problem (IVP)

igg y (1) =
.
V) =1y 1o)

%ios:\\b‘p Research



Time Integration

e General IVP
- single ODE y'(t) = f(t,yt) y(to) = yo
- systemof ODEs  y'(t) = f(¢,¥(¢)) y(to) =yo

ETH-zurich %iosc\\ep Research



Time Integration

e General IVP
- single ODE y'(t) = f(t,yt) y(to) = yo
- systemof ODEs  y'(t) = f(¢,¥(¢)) y(to) =yo

* \Why time integration®

t+h
y(t + h) = y(t) + / Fy)dt  ylto) = o

Solution at time ¢ plus step h

ETH-zurich %iosc\\b‘p Research



Time Integration

e General IVP
- single ODE y'(t) = f(t,yt) y(to) = yo
- systemof ODEs  y'(t) = f(¢,¥(¢)) y(to) =yo

* \Why time integration®

t+h
y(t + h) = y(t) + / Fy)dt  ylto) = o

Solution at time ¢ plus step h

o Solve VP numerically — numerical (time) integration

ETH-zurich %iosc\\b‘p Research



Numerical ime Integration

* Notation
- y(t) analytical solution

Y; approximate solution at t; = tg + th
h time step (constant)

* Problem: given vy,, , compute v, 11

ETH-zurich %iosc\\ep Research



Numerical ime Integration

How do we get from y(t) to y(t + h) ?

e Fundamental theorem of calculus
h

y(t + h) = y(t) + / £t y(6))dt

y(t +h) ~y(t) + hf(t,yt)) eft-hand

rectangle method

* Taylor expansion (1st order approximation)

y(t+h) = y(t) + hy/(t) + O(h?) ~ ovward

Euler

ETH-zurich %iosc\\b‘p Research



Explicit Euler

Euler step (1768)

e ldea: start at initial condition and take step into direction of tangent

e [teration scheme: Yo —> f(t(), yo) — Yy —> f(t1, y1) — ..

ETH-zurich %ios:\\b‘p Research



Explicit Euler: Graphically

y(ta)
ylto) =20 .
.......... Y1 = Yo + hf(t()v yO)
t
t() tlzto—l—h t2:t1_|_h

ETH-zurich %ios:\\ep Research



Explicit Euler: Mass-Spring System

e Set initial conditions: Position xg
Velocity vg

ETH-zurich %fso\\ep Research



Explicit Euler: Mass-Spring System
e Set initial conditions: Position xg
Velocity vg

1. Evaluate derivatives: Position —> \elocity v’ (t,) = v(t,)
Velocity —» Acceleration

U,(tn) (= fint(tn) + fext(tn) — yv(tn))

1
o m
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Explicit Euler: Mass-Spring System
e Set initial conditions: Position xg
Velocity vg

1. Evaluate derivatives: Position —> \elocity v (t,) = v(t,)
Velocity —» Acceleration

— % (_fint(tn) T fext(tn) o ”)/U(tn))

2. Euler step: Position x(t, + h) = x(t,,) + hx'(t,)
Velocity v(t, + h) = v(t,) + hv'(t,)

v (th)

ETH-zurich %fsNEP Research



Analysis

How to evaluate integration schemes?

Criteria

-+ Convergence: do approximations converge to true solution,
.e.,h — 0 implies y; — y(t;) ?

- Accuracy: how fast does the error decrease as h — 0 ?
. Stability: is the solution always bounded, i.e., [yn| < 00 ?

- Efficiency: is a given method a good choice for a given problem?

ETH-zurich %?sNEP Research



Analysis: Accuracy

e Numerical solution exhibits error

o+ / R y(0)dt] — g v —y(t)

i4) —

local error (single step) global error (accumulated)

* Error depends on the step size h

- local erroris O(h? 1) — global erroris O(h?) | method is of order p

- explicit Euler makes O(h?) error per step: order 1

ETH-zurich %?sNEP Research



Analysis: Accuracy

* Numerical integration is inaccurate

e Error accumulates

* Error can cause instability

How can we reduce error?

- reduce step size
- Improve accuracy

ETH-zurich %ios:\\b‘p Research



Analysis: Higher Accuracy

* Taylor expansion (higher oder)

y(t +h) =y(t) + hy'(t) - ;hzy”(t) + O(h?)

* Higher order integration schemes

- midpoint method:.
accuracy: order 2, cost: 2 x evaluations of f

- 4th-order Runge-Kutta method (RK4):
accuracy: order 4, cost: 4 x evaluations of f

ETH:zurich

%iosc\\b‘p Research



Analysis: Stabillity

* Analyze
- testequaton Y =Xy y(0)=1 AX<0 t>0
- explicit Euler  Yn+41 = Yn + hAYn = (1 + hA) yy,

e Solve recursion Yn+1 = (1 + h)\)n+1 Yo

Ynat1 < 00 < [1+hA| <1

restricted step size (explicit Euler)

ETH-zurich %ios:\\b‘p Research



Analysis: Stabillity

* Observations from test equation: explicit Euler

- requires small time steps for stable integration

- Inefficient since step size Is determined by stablility, not accuracy
requirement

* Problems with this characteristic are termed stiff

* Do not use explicit methods for stiff problems,
use implicit methods instead:

- explicit methods: Yn-+1expressed with known quantities (e.g, Yn , f(tn, Yn))
- implicit methods: Y1 expressed with unknown quantities (€., f (£541, Yn+1))

ETH-zurich %ios:\\b‘p Research



Analysis: Implicit Euler

How do we get from y(t) to y(t + h) ?

e Fundamental theorem of calculus
h

y(t + h) = y(t) + / £t y(6))dt

y(t + h) ~ y(t) + hf(t+ h,y(t + h)) right-hand

rectangle method

* Taylor expansion (1st order approximation)

“backward’
Y(tn+1 — h) = y(tn+1) — hy/(tn+1) T O(hQ) aéu\\g?r

ETH-zurich %iosc\\b‘p Research



Analysis: Stabillity

* Analyze
-~ testequaton Yy =Xy wy(0)=1 A<0 t>0 i
- implicit Euler Un+1 = Yn + hAYp41 —> Yn+1 — 1 _ h)\yn

e Solve recursion B 1 n-+1
yn—l—l — 1 — h)\ yo

Implicit Euler

Is stable for all

h > 0

ETH-zurich %iosc\\b‘p Research




Agenda

* Motivation

* Energy, forces, static vs. dynamic analysis

* Numerical time integration (explicit vs. implicit schemes)
 Assembly: energy, forces, stiffness matrix

* Continuum mechanics: strain, stress, material models

e Linear vs. nonlinear FEM (Finite Element Method)
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Static Analysis

¢ Eﬂergy E(X) — Eint (X) — Eext (X)

o Z El(riizj) XZ XJ Z ext

(2,7)
—Z ~k (|x" —x7[| - L) - (£
(2,7) ?

ETH-zurich %ios:\\ep Research



Static Analysis

» Forces VE(X) = VEint(x) — V Eoxi (X)
1<r7;1,:j) X XJ Z vEext

%fso\\ep Research



Static Analysis

» Forces VE(x) = VEjpt(x) — V Eext (X)

o Z VES{:]) X X] Z vEext
(%,7)

angt (XZ) L f’L
axz’ — ext

%ioso\\ep Research



Static Analysis

» Forces VE(x) = VEjpt(x) — V Eext (X)

o Z VES{:]) X X] Z vEext
(%,7)
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Static Analysis

» Forces VE(X) = VEint(x) — V Eoxi (X)
- Z VE1<I7;1,SJ) X XJ Z vEext

)
OB (6 x)
ox*
VE(x) =
@E(z’])(x x7 )
terate 4 — int
over springs O

%fso\\ep Research



Static Analysis

» Forces VE(x) = VEjpt(x) — V Eext (X)

o (Z) VES{:]) X X] Z vEext
t,J

terate . .
(/ (/
OVer masses OF! . (x")

Ox*

%ioso\\ep Research



Static Analysis

» Stiffness matrix V2E(x) = V2 Eint(x) — VZ Eoxt (X)

O © O O O

%fso\\ep Research



Static Analysis

» Stiffness matrix V2E(x) = V2 Eint(x) — VZ Eoxt (X)

B (921;}(299')(}{@'7 x7)

1Nt
ox'Ox"
_ ain(ri{;j)(XivXj)
0x0xJ
_ 82Ei(§%j)(xiaxj)
0xJ Ox*
terate 5?2 EK%’;J’ )(xt, x9)
over springs T T Oxiox

%fso\\ep Research

_|_

_|_

_I_

xk:
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Static Analysis

» Stiffness matrix V2E(x) = V2 Eint(x) — VZ Eoxt (X)

sparse
mautrix

symmetric
matrix

%fso\\ep Research



Static Analysis

* Minimize energy

min fstatic (X) fstatic (X) — E(X)

= Bt (X) — Eoxe (x)
e Minimum x*

- gradient: zero VE(X*) ; O
- Hesslan: positive definite
Vp#o:p VE(x*)p >0
o Static equilibrium
VE(x*) = fin (x*) — fory = O

ETH-zurich %fso\\ep Research



Dynamic Analysis

() dZXi (t) () ' i
™m 142 | Z fl(né]) X (t)) + fext

2nd order ordmary dn‘ferentla\ equation (ODE)

dXi (t())

x'(to) = Xg

Initial value problem (IVP)

How do we determine motion x"(t)?

ETH-zurich %ios:\\ep Research



Dynamic Analysis

o EXplicit Euler
x"(t + h) = x"(t) + hv'(t)
vi(t + h) = v'(t) + ha'(t)

ETH-zurich %ios:\\ep Research



Dynamic Analysis

o Implicit Euler
x"(t + h) = x"(t) + hv'(t + h)
vi(t + h) = v'(t) + ha'(t + h)

Ai(t 4 h) = — ( S CEST (XUt + h),xI (4 h)) + Ely — vt + h))

mZ
J

multiply both
sides with m”

ETH-zurich %iosc\\ep Research



Dynamic Analysis

o Implicit Euler
x"(t + h) = x"(t) + hv'(t + h)
vi(t + h) = v'(t) + ha'(t + h)

mial(t+h) = —» £ (x'(t+h),xI(t+h)) + £ — Vit +h)

Newton’s 2nd

law . .
move internal and damping

forces to left-hand side

ETH-zurich %fsNEP Research



Dynamic Analysis

o Implicit Euler
x"(t + h) = x"(t) + hv'(t + h)
vi(t + h) = v'(t) + ha'(t + h)

al(t + h) +Zf1§jg> ‘“(t+h),xI(t + h)) +vi(t+h) =,

“dynamic” equilibrium

ETH-zurich %iosc\\ep Research



Dynamic Analysis

o Implicit Euler
x(t + h) =x(t) + hv(t + h)
v(t+ h) =v(t) + ha(t + h)

Ma(t + h) + VE (x(t + h)) +yv(t + h) = foxi

ETH:zurich

fext —

fz'

ext

%iosc\\b‘p Research



Dynamic Analysis

o Implicit Euler

Xn = Xp + hvy, D previous, known

vV, = V, + ha, N next, unknown

Man + vE'int (Xn) + YVn — Lext

ETH-zurich %ios:\\ep Research



Dynamic Analysis

o Implicit Euler

Xn

Vn

Xy, + hvy,

v, + hay,

Ma, + VE;+ (Xn) + YV, =

ETH:zurich

ext

D previous, kKnown

. next, unknown

%iosc\\b‘p Research



Dynamic Analysis

o Implicit Euler

l

Ma,, (x;) + VEin (X;,) +7va(X),) — foxt =

Find x_. that fulfills this “dynamic” equilibrium.

ETH-zurich %ios:\\b‘p Research



Dynamic Analysis

o Implicit Euler

H}%iﬂ fdynamic (Xn)
h2 T 1 gy |
fdynamic (Xn) — ? (an (Xn )) Ma,, (Xn) Inertia

+ Eint (Xn) Internal energy

- (v

Vo(X,)  “damping”
- fej;ct (X — X) external energy

ETH-zurich %ios:\\b‘p Research



Agenda

* Motivation

* Energy, forces, static vs. dynamic analysis

* Numerical time integration (explicit vs. implicit schemes)
 Assembly: energy, forces, stiffness matrix

* Continuum mechanics: strain, stress, material models

e Linear vs. nonlinear FEM (Finite Element Method)
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Elastic Rod

L, rest length

A cross-section

ETH-zurich ®?§NEP Research



Elastic Rod: Stress and Strain

L, rest length

....... pPL---.p
A CFOSS-SeC’[iOﬂ M

unknown

deformation

L

ETH:zurich

Al

~

j

4 ) | 4
strain Hooke’s law stress
r — L
— 7 o= Fe o fjt
\_ ), \_
relative B Young's force
Stretch modulus density

N fext

Known

force

f ext

%fso\\ep Research



Elastic Rod: Static Ana\y3|s

L, rest length

A cross-section

T ==

static solution

fextL
EFA

L

Unknown
| 4
deformation
X
\_
ETH-urich

| fext

Known

force

f ext

%fso\\ep Research



Elastic Rod: Energ

<

L, rest length

A cross-section

| fext

fstatic(m) — U(.CC) _ W(ZB)
— \IJ(ZE)V - fext(x N L)

strain energy density volume
1
U(z) = §E52 () V = AL

ETH-zurich %fso\\ep Research



Elastic Rod: Energ

L, rest length

A cross-section

ETH:zurich

e(x)

dfstatic (5[;)

dx

strain

r — L

L

— E&(CE)A — fext ; 0

-

\_

static solution

fext L
— | I
YT TEA

~

j

| fext
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Elastic Rod: Energy

ETH:zurich

M —

-~

\_

Principle of minimum potential energy

A mechanical system In static equilibrium will
assume a state of minimum potential energy.

~

_/
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Elastic Rod: Finite Element Discretization
X X, undeformed

configuration
\ / N )
X, X,

L

X1

X =

element rest length
Lj = Xip1 — X

ETH-zurich %ioso\\ep Research



Elastic Rod: Finite Element Discretization

deformed

L1 Lit1 Kconfigurationj
] gl

Ln L1 T,

element rest length
Lj = Xip1 — X

element strain
Tit1 — Ti — Ly

L;

Ei —

ETH-zurich %ioso\\ep Research



Elastic Rod: Finite Element Discretization

~
. deformed
L1 141 configuration
g/ e,
| | B
T 1 * * . " Text
element rest length g energy A
Lij = Xjp1 — A
T
fstatlc Z U — fext X)
element strain 1
Tit1 — T; — L _ _ 2
Ei = i L.Z - U;(x) = ‘I’i(X)Vé — §E57: (x)AL;
¢ \_ J

ETH-zurich %ios:\\ep Research



Elastic Rod: Finite Element Discretization

~
. deformed
L1 141 Kconfigurationj
x=| | [B= \ /
T 1 - 7 Text

energy gradient

vfsta,tic(x) — Z VUz (X) — lext

oUu;
—Fe; A
VUZ (X) — g(m] — ¢
HTi 11 EEZA

ETH-zurich - - %ioso\\ep Research



Elastic Rod: Finite Element Discretization

constant
stiffness matrix

VAU, =

ETH:zurich -

L1

K = V2fstatic (X) — Z VZUZ

02U, 0% U,

Ox? 0x;0T;11

a2U 0% U,
ail’}z_|_18$z 8517?_|_1

Li+1

\/

energy Hessian

n—1

1—1
EA EA
L. L,
EA EA
L. L.

~

deformed
configuration

ext

||||||||||

||||||||||

sparsity pattern
%fs&ep Research



Elastic Rod: Linear Elasticity

a )
. deformed
L1 141 Kconfigurationj
X = ‘ | \ /
T, T * T, # ext

constant stiffness matrix  V* fstatic (X) = K

linear forces V fstatic(X) = K (x — X)) — foyt

1
quadratic energy fstatic(X) = 5 (x — X)T K(x—-X)-f . (x—X)

ETH-zurich %ios:\\ep Research



Elastic Rod: Linear Elasticity

4 )
- - deformed
5 ¢ 141 configuration
T, T1 * T, N ext
!
1. solve sparse linear system Ku™ = . u”™ displacement
2. compute deformation X =X4+u

ETH-zurich %ios:\\ep Research



Elastic Rod: Boundary Conditions

a )
- - deformed
L1 ¢ 141 configuration
T 1 * " Text

« eigenvalue decomposition of K : one eigenvalue is zero
o stiffness matrix not positive definite: unstable equilibrium

» missing Dirichlet condition: fix one node (e.g., 1 = 0)

ETH-zurich %ios:\\ep Research



Enforcing Dirichlet Conditions

@ U1 J1
a|lb|c d e U9 fo
c us | = | f3
d U4 Ja
€ U5 5
ETHzrich [source: Peter Kaufmann]
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Enforcing Dirichlet Conditions

0 U1 1 a
a|l0|lc d e Uo fo b
0 U J4 d
0 U5 /5 e
ETH:zlrich [source: Peter Kaufmann]
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Enforcing Dirichlet Conditions

Ku=1 Uy = V
0 U1 f1 — va
O[1]0 O O U9 U
0 us | = | f3—vc
0 U4y f4 — vd
0 Us fs — ve
ETH:-zurich [SOUFCGZ ~eter Kaufmann] %ios:\\ep Research




Elastic Rod: Boundary Conditions

L1
X — :
Ln
K
Ku” = fext
U1 — 0
ETH-urich

Li+1

(o \/

L1
110 0 (VA
0 U9
0 U,

-

~

deformed
configuration

ext

f ext
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Agenda

* Motivation

* Energy, forces, static vs. dynamic analysis

* Numerical time integration (explicit vs. implicit schemes)
 Assembly: energy, forces, stiffness matrix

* Continuum mechanics: strain, stress, material models

e Linear vs. nonlinear FEM (Finite Element Method)
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Continuum Mechanics in 3D: Deformation

Ox C R? X € Qx undeformed or rest state
X € {0y  deformed state
), C R’
f Displacement Field X
X u x = X + u(X) Y
material point y ( XY, Z)
uX)=| v(X,Y,2)
w(X,Y, Z)
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Continuum Mechanics in 3D: Deformation

Ox * Infinitesimal vector
- undeformed dx = X, — X,
0 - deformed  dyx = X, — X,
X

dx = X — X
= X + u(X,) — X5 — u(Xy)
r =dx + u(X; +dx) — u(Xy)
X ~dx +u(X;) + Vxu(X;)dx — u(Xs)
Xsf fX = (I+ Vxu(X;))dx

* deformation gradient
F=1+Vxu

ETH-zurich %iosc\\ep Research



Continuum Mechanics in 3D: Deformation Gradient

o Deformation gradient F =1 4+ Vxu maps undeformed
vectors to deformed vectors: d, = Fdx

u(X, Y, Z) Gxu 8yu 82u
u(X) — U(X, Y, Z) Vu = (3')(2) 8ny 82”0
w(X, Y, Z) 8Xw ayw 82w
* Alternative form: x =X+u
Ox F=Vx (X + 11)
§= VX = 0X = VxX + Vxu IX
— I+ Vxu VXA =ox =0

ETH-zurich %iosc\\ep Research



Continuum Mechanics in 3D: Deformation Gradient

translation

translational
INvariant
ETH-urich

rotation stretch shear rotation + shear

r=Xcos+Ysind xx=2X+0Y r=1X +0.5Y r=1X +0Y
y=Xsinf+Ycosf y=0X+1.5Y y=05X +1Y y=05X +1Y
- cosf sinf 2 0 1 05 1 0
F__Siné’ cost F__() 1.5 F__().5 I F__O.E') 1
not rotational
iINvariant

[source: http://www.continuummechanics.org/] Pfsnzp Research



Continuum Mechanics in 3D: Nonlinear Strain

o Deformation gradient F =1

vectors to deformed vectors: d, = Fdx

* Measure change in length (squared) in all directions:

|dx | — [ldx[|* = dx dx — dxdx
— dx F' Fdx — dxdx

e Green strain:

ETH:zurich

=dx (F'F—1I)dx

Vxu maps undeformed

-~

\_

_ L TR _
E=_(F'F-1)

~

J
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Continuum Mechanics in 3D: Linear Strain

* (Green strain is quadratic in 1st derivatives of displacements

B R A
E=g (F'F-I) = (Vxu

VXH

I

VX HTVX 11)

* Neglecting quadratic terms leads to linear Cauchy strain

4 1
2

(Vxu+ VXHT)

1
2

(F+F") -1

ETH:zurich

~
J
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Continuum Mechanics in 3D: Linear Strain

* |inear Cauchy strain

Er Yy Vxz ] 1 I 28)(% 8yu + 8XU 8Zu T 8)(?1} )
g = Yy €y Vyz = 5 Oxv + Oyu 20y U 07v + Oy w
Yz VYyz €z i Oxw ~+ dzu Oyw + dzv 207w -
€; . normal strains Yij . shear strains

* (Geometric interpretation (2D)

Y, v

L» X, U | 8Xu. ayv |

ETH-zurich %iosc\\b‘p Research




Continuum Mechanics in 3D: Cauchy vs. Green Strain

e Polar decomposition F = RU R : rotation U : stretch + shear

e Nonlinear Green strain is rotation-invariant
1

_ S (FTR _
E= (F'F-TI)
— % (U'R'RU —1) = % (U'U -1)
1 deformation

* Linear Cauchy strain is not rotation-invariant

_1 Ty _ _1 TpT\ rotation does not
e=5(F+F')-I=_(RU+U'R") -1

cancel out
E’" Z U I I C h %iosmsp Research



Continuum Mechanics in 3D: Cauchy vs. Green Strain

ETH:zurich

M. Ml

er, J.

table

Dorsey,

Real-Tim

_. McMillan,

<. Jagnow,

3. Cutler,

e Deformations, SCA 2002}
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Continuum Mechanics in 3D: Material Model

 Material model links strain to energy (and stress)

* Linear isotropic material (generalized Hooke’s law)

A )
- strain energy density W = %)\tr(e)Q + ptr(e®) tr(e) = Eii
\_ i

- material constants: Lamé parameters A and

* |nterpretation

- tr(e”) = |le||% penalizes all strain components equally
: tr(€)2 penalizes dilations, I.e., volume changes

ETH-zurich %fsNEP Research



Finite Elements and Deformation Gradient

* |nterpolate using shape functions 45Xy
X(€) =Y N©X; x(€) = Ni(é)x, X3, X3
1=1 i=1
undeformed deformed X, 2
configuration configuration 1, 41
& : elemental coordinates X
* Deformation gradient IX (&) iX ( @Ni(ﬁ))T
po 0x _ 0x() (8X<£>)1 = BN
S 9X D 0 0x() & ,(aN@-@))T
3 § = Y x, T

1—=1
ETH-zurich %iosc\\b‘p Research



Linear letrahedral Elements

' X4, X
« Shape functions & : elemental coordinates 4> 24

N1(§) =& Na(§) =& N3(§) = &3 X3, X3
Na(§) =1—8 — & — &3

oN, é N, (1) ON; 8 N3 _j_ X1,X]
S o | 9 0| % 1] % -1
X27X2
* Deformation gradient 0X X)Xy Xp-Xy X3-—Xy |
0% (8X>1 oe
85 85 8_§:[X1—X4 X2 — X4 X3 = X4 |

ETH-zurich %fsNEP Research



Linear tlasticity

1. Divide input model input tetrahedra e

2. Form per-element deformation gradient, Cauchy strain, and
strain energy density

ﬁeformaticn gradient \ f Cauchy strain ) f strain energy density N

5’X6 8X€ - T e_l e\ 2 e\ 2
Fé¢ — F¢ + (F¢ I Ve = —Atr(e®)° + utr((e
Lo () e s o = e e
)G 0x*
5 = [ X§-X§ X§-X§ X§-—X§ | 52 = | x{—x§ x5 —x§ X§—xj |

3. Integrate per-element strain energy density
fstatic(X) = Z U¢(x) —f. . (x —X) Uf(x) = / U (x)d€ = Ué(x)V,

ETH-zurich %iosc\\ep Research



Linear tlasticity

constant stiffness matrix V? fsatic(x) = K

Inear tforces sttatic (X) = K (X — X) — lext
f 1. factorize stiffness matrix K (e.g., Cholesky decompositio®
very fast 2. compute displacement u™ for external forces foy¢
L 3. compute deformation x* = X +u” Y

* Problem: visible artifacts for large rotations (Cauchy strain)
e Solution: nonlinear elasticity

ETH-zurich %ios:\\b‘p Research



Nonlinear tlasticity

* Replace Cauchy strain with Green strain:

1 ) 2\ St. Venant-Kirchhoff
Vstvic = 5)\tr(E) + ptr(E7) material model

o Stiffness matrix: no longer constant

e Use Newton’s method for minimization

min fstatic (X fstatlc Z Ue — fg;t X — X)

X

ETH-zurich %iosc\\b‘p Research



Nonlinear tlasticity

‘ |
«'Lf///”

2. Form per-element deformation gradient, Green strain, and
strain energy density

/“deformation gradient \ /" Green strain /" strain energy density

1. Divide input model input tetrahedra e

S

oxc [ 9Xe\ ! 1 - 1
F€: €: - e 6_ e — _ e\ 2 (& 2
k T ( T ) / g : ((F VT I) QJSWK SAr(EF)? + putr((E w
oX¢ 0x©
5 = [ X§-X§ X§-X§ X§-—X§ | a};:[xi—xi x5 — X X§—Xj |

3. Integrate per-element strain energy density
Foraic(3) = YU ~ L (x = X) U0 = [ Wai(30d€ = BV

ETH-zurich %iosc\\ep Research



Nonlinear Elasticity: Implementation

Use symbolic or automatic differentiation to generate code for a single
element ¢

1. Internal energy U°(x°) = VU (x°)
2. Energy gradient VxeU(Xx)

3. Energy Hessian V.U (x°)

e e
€ 29 X2
ETH-zurich %iosc\\ep Research



Nonlinear Elasticity: Implementation

ETH:zurich

* D:\PapersAndReports\Summaries\PBS\DeformableSolids\NonlinearElasticity.mw* - [Server 3] - Maple 2017 - a
File Edit View Insert Format Table Drawing Plot Tools Window Help
NEFEE XS5E &2 BT T == a2 W I0%C @ QAQAQ @ @ [ Atss oo
Palettes Workbook ‘ Text m Drawing Plot Animation Hide
P Favorites ~P | C 20 Input ~| [TimesNewroman __~|[12 ] B[I]U == Lg =i
P Expression A
P Calculus V¥ deformation gradient
P Common Symbols Matrix D_e=[X"e_1-X"e 4 |X"e 2-X"e 4| X"e 3-X"e_4]"-1 is the inverse of a 3x3 matrix whose columns are difference vectors between undeformed vertices. This matrix can be precomputed.
¥ Live Data Plots |:> D _e:= Matrix(3, 3, symbol=d_e);
— m— L |:> F_e:= simplifu(Multiply({(x_] e-x 4 e|x 2 e-x 4 e|x 3 e-x 4 ¢e).D ¢e)):
e P! .
=z s ¥ Cauchy and Green Strain
1 i‘l Cauchy strain is a linearized version of the Green strain. The Cauchy strain is not rotation-invariant.
A ' > E Cauchy e= %(F_e + Transpose(F_e) ) - IdentityMatrix(3) :
“ " > E Green e= %(Multiply( Transpose(F_e). F_e) - IdentityMatrix(3)) :
IR [> E e=E_Cauchy e:
Al i | || L emrionn
¥ Variables ¥ strain energy density
Variable  Value > psi_StVenant_e = ilambda T rance(E_e)2 + mu Trace( Multiply(E_e,E_e)) -
i 2
# D_e 3 x 3 Matrix| A =
# |d U e d... [12-cleme... | > I_I_e = simplify( Trace( Multiply( Transpose(F_e).F_e))) :
# |dd Ue_...|3x3 Safx > 12 e:= simplij_’y( T race( A!ulnply( Multiply( Transpose(F_e), F_e ), Multiply( Transpose(F _¢e),F_e) ) ) ) :
# 1dd U.e_... |3x 3Matrix | > I 3 e:= simplify( Determinant( Multiply( Transpose(F_e),F e))) :
# |dd_U_e_... |3 x 3 Matrix r mu lambda R
# |dd_U_e_... |3 x 3Matrix > psi_NeoHookean_e:= ——(I_1_e-1In(I 3 e) -3) + ——(In(Z_3))":
# |dd_U_e_... |3 x 3 Matrix LL 2 8
# |dd_U_e_... |3 x 3 Matrix .
# |dd_U_e_.. [3x 3 Matrix ¥V energy potential
# |dd_U_e_... |3 x 3 Matrix . .
# |dd_U_e_.. 3 x 3 Matrix [> Ue=V_e- psi_StVenant_e:
# |dd_U_e_... |3 x 3 Matrix .
# |dd_U_e_... |3 3 Matrix V¥ gradient
2 33—3-:-"' gizngiz ;> d U.e d x 1 e:= simplify(Gradient(U e, [xx_1 eyyv 1 ezz 1 e]))
™ dd_U_e_::: 3% 3 Matrix | > d U e d x 2_e:= simplifi(Gradient(U_e [xx_2_eyy 2 ezz 2 e])):
# [dd_U_e_... |3 x 3Matrix | > d U e d x 3_e:= simplifi(Gradient(U_e [xx_3_eyy 3 ezz 3 e])):
# |dd_U_e_... |3 x 3 Matrix | > d U e d x 4 e:= simplifv(Gradient(U e [xx_ 4 e,y 4 e.zz 4 ¢e]))
# |dd_U_e_..[12x12... >
2 E—:auch' - g : ; ::g;: ;> d U e d x_e= simplify(Gradient(U e [xx_1 eyv 1 ezz 1 exx 2 eyy 2 ezz 2 exx 3 e)yyv 3 ezz 3 exx 4 ey 4 ez2z 4 ¢])):
# E:Green_e 3 x 3 Matrix =>
# Fe 3% 3 Matrix | |> CodeGeneration| C|(d_U_e_d_x_4_e optimize= tryhard, defaulttype = numeric, functionprecision = double, precision= double, deducetypes = false):
T _1e (d_e[1,1...
Shi2e [4@el.|v V¥ Hessian
oo ® Y ;> dd Uedx 1 edx_ 1 _e:=simplify(Hessian(U e [xx_1_eyy 1 ezz 1 e [xx_1 eyy I ezz 1 e])):
|> dd U e dx 1 edx2 e:=simplifi(Hessian(U e [xx_1 eyy 1 ezz 1 e] [xx 2 ey 2 ezz 2 e])):
P Matrix |> dd U e dx 1 edx 3 e:=simplifi(Hessian(U e [xx_1_eyy 1 ezz 1 e] [xx 3 eyy 3 ezz 3 e])):
P Units (ST) |> dd U e dx 1 edx 4 e:=simplifi(Hessian(U_ e [xx_1_eyy 1 ezz 1 e] [xx 4 ey 4 ezz4e])):
: >
B> Units (PS) |> dd U edx 2 edx 1 _e=simplifi(Hessian(U_ e [xx 2 eyy 2 ezz 2 e], [xx 1 eyy 1 ezz 1 e])):
P Layout |> dd U edx 2 edx 2 e=simplifi(Hessian(U_ e [xx_ 2 eyy 2 ezz 2 e], [xx 2 ey 2 ezz 2 e])):
P Greek |> dd U e dx 2 edx 3 e=simplifi(Hessian(U_e [xx_ 2 eyy 2 ezz 2 e], [xx 3 ey 3 ezz 3 e])):
E T | > dd Ue dx 2 edx 4 _e= simplifi( Hessian(U_e [xx_2 ey 2 ezz 2 e], [xx 4 eyy 4 ezz 4 e])):
>
;> dd U e dx 3 e dx 1 e:= simplify(Hessian(U e, [xx_3 eyv 3 ezz 3 e|. [xx 1 ey I ezz 1 e]))
| > dd U e dx 3 edx 2 e=simplify(Hessian(U_e [xx_3 e )y 3 ezz 3 e]. [xx 2 ey 2 ezz 2 e]))
|> dd U e dx 3 edx 3 e=simplifi(Hessian(U_e [xx_3 e, yy 3 ezz 3 e], [xx 3 ey 3 ezz 3 e])):
| > dd U e dx 3 e dx 4 e:=simplify(Hessian(U_e [xx_3 ey 3 ezz 3 e]. [xx 4 ey 4 ezz 4 e]))
>
|> dd U e dx 4 edx 1 _e:=simplifi(Hessian(U_e [xx 4 eyy 4 ezz 3 e]. [xx 1 eyy 1 ezz 1 e])):
| > dd U e dx 4 e dx 2 e=simplify(Hessian(U_e [xx 4 ey 4 ezz 3 e]. [xx 2 ey 2 ezz 2 e]))
|> dd U e dx 4 e dx 3 e:= simplifi(Hessian(U_e [xx_ 4 eyy 4 ezz 3 e], [xx 3 ey 3 ezz 3 e])):
|> dd U e dx 4 e dx 4 _e:= simplifi(Hessian(U_ e [xx_ 4 eyy 4 ezz 3 e], [xx 4 eyy 4 ezz 4 e])):
>
> dd U e _dd x_e:= simplify(Hessian(U e [xx_1 e yv 1 ezz 1 exx 2 eyy 2 ezz 2 exx 3 ey 3 ezz 3 exx 4 ey 4 ezz 4 e|,[xx 1 eyw lezz]lex2eyw2ezz2exx3eyl3ezz3exdewde,
L zz 4 e])):
>
| > CodeGeneration|C(dd_U_e d x_1_e d x_I_e, optimize= tryhard, defaulttype = rumeric, functionprecision= double, precision= double, deducetypes = false) :
| >
L[> v
v < >
® Ready Maple Default Profile D:\PapersAndReports\Summaries\PBS\DeformableSolids Memory: 81.51M Time: 176.87s Zoom: 100% Math Mode
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Nonlinear Elasticity: Implementation

Apply Newton’s method to objective  fstatic(X) :

1. Write function to evaluate fstatic at x

- For each element e, compute U (x°)

- Sum up per-element contributions and subtract external work

D US(x®) — fo(x — X)

ETH-zurich %iosc\\ep Research



Nonlinear Elasticity: Implementation

Apply Newton’s method to objective  fsiatic(X

2. Write function to evaluate Vi fstatic at X

- Set gradient to zero  Vx fstatic := O

- For each element €, compute VU 6( )

and add 4 3-vectors to gradient

- Subtract external forces feoxt

- Set entries corresponding to

ETH:zurich

constrained vertices to zero

xe Ue

vX fstatic

/
—
T~
\
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Nonlinear Elasticity: Implementation

Apply Newton’s method to objective  fstatic(X) :

3. Write function to evaluate Vi fstatic at X

- Set Hessian to zero Vi fstatic = 0O

- For each element €, compute Vie U° (Xe)
and add the 16 3x3-matrices to Hessian

- Set rows and columns corresponding to constrained
vertices to zero, then corresponding diagonal elements to 1

ETH-zurich %iosc\\b‘p Research



Nonlinear Elasticity: Implementation
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Dynamics

o Implicit Euler

|

Ma,, (x) + VU (X)) — foxt = O

Find x_. that fulfills this “dynamic” equilibrium.

P previous, known n  next, unknown

ETH-zurich %ios:\\b‘p Research



Dynamics

o Implicit Euler

min fdynamic (Xn)
Xn

h? o
fdynamic (Xn) — ? (an (Xn))T Ma,, (Xn) ‘Inertia”
+ U(xy,) internal energy
T
— foxe (X — X) external energy

ETH-zurich %ios:\\b‘p Research



Dynamics Lumped Masses

%Bn X 3n

1. Initialize diagonal matrix M & with zero elements

2. For each tetrahedron e ;

- compute the element volume and mass

X
1 4
Ve =cdet ([ Xf-X§ X5-X§ X§-Xj )

m® =V p  p volumetric mass density

- add a fourth of m* to the 12 diagonal elements
of M corresponding to 4 element nodes

X

X S
2
ETH-zurich %iosc\\b‘p Research
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