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Motivation

[John Hopkins University] [Wikimedia Commons]
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Motivation

[“A though gang of Spinning Tops”, David Earle, www.davidturnswood.com] 
[License at http://creativecommons.org/licenses/by-sa/3.0/]

[Sharon Drummond, http://flic.kr/p/95KRph]  
[License at http://creativecommons.org/licenses/by-nc-sa/2.0/]



Motivation

[Hager, http://www.hager-drechseln.de/]



Motivation

[Hager, http://www.hager-drechseln.de/]
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Coordinate Frames

global or world  
coordinate frame

local or body  
coordinate frame



Coordinate Frames



Coordinate Frames



Motion of a Point
xrb

<latexit sha1_base64="zHT/ylPIpGCXHGZmWpkOoQgSLI0=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkqigi4LblxW6ENoQphMJ+3QySTM3EhLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkSzhTY9rdRWVldW9+obta2tnd298z9g66KU0loh8Q8lvcBVpQzQTvAgNP7RFIcBZz2gvFN4fceqFQsFm2YJtSL8FCwkBEMWvLNIzfCMArCbJL7mQt0ApkM8tw363bDnsFaJk5J6qhEyze/3EFM0ogKIBwr1XfsBLwMS2CE07zmpoommIzxkPY1FTiiystm+XPrVCsDK4ylfgKsmfp7I8ORUtMo0JNFWrXoFeJ/Xj+F8NrLmEhSoILMD4UptyC2ijKsAZOUAJ9qgolkOqtFRlhiArqymi7BWfzyMumeN5yLhnN3WW+2yzqq6BidoDPkoCvURLeohTqIoEf0jF7Rm/FkvBjvxsd8tGKUO4foD4zPH4Lvlx4=</latexit>



Motion of a Point 
x(t)

<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>



Motion of a Point
x(t)

<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>



Motion of a Point
x(t)

<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

rx(t)
<latexit sha1_base64="07C1hBJWcSrQp8l69FcN/KAXDU4=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyVRQZcFNy4r9AVtCJPppB06mYSZiVhDv8SNC0Xc+inu/BsnbRbaemDgcM693DMnSDhT2nG+rbX1jc2t7dJOeXdv/6BiHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnO/+0ClYrFo6WlCvQiPBAsZwdpIvl0ZRFiPgzCTM/+xps99u+rUnTnQKnELUoUCTd/+GgxjkkZUaMKxUn3XSbSXYakZ4XRWHqSKJphM8Ij2DRU4osrL5sFn6MwoQxTG0jyh0Vz9vZHhSKlpFJjJPKZa9nLxP6+f6vDGy5hIUk0FWRwKU450jPIW0JBJSjSfGoKJZCYrImMsMdGmq7IpwV3+8irpXNTdy7p7f1VttIo6SnACp1ADF66hAXfQhDYQSOEZXuHNerJerHfrYzG6ZhU7x/AH1ucPtISTKg==</latexit>

ry(t)
<latexit sha1_base64="BM+6jHIlZABAUSmmbZVlOzsK94w=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1iEuimJCrosuHFZoS9oQ5hMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45fsyZ0rb9bZU2Nre2d8q7lb39g8Nq7ei4p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/dpf7/UcqFYtER6cxdUM8ESxgBGsjebXqKMR66geZnHtpQ194tbrdtBdA68QpSB0KtL3a12gckSSkQh OOlRo6dqzdDEvNCKfzyihRNMZkhid0aKjAIVVutgg+R+dGGaMgkuYJjRbq740Mh0qloW8m85hq1cvF/7xhooNbN2MiTjQVZHkoSDjSEcpbQGMmKdE8NQQTyUxWRKZYYqJNVxVTgrP65XXSu2w6V03n4bre6hR1lOEUzqABDtxAC+6hDV0gkMAzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucPtguTKw==</latexit>

rz(t)
<latexit sha1_base64="ozNIV0DH6QZzkROD6wCev9hGJ7c=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyVRQZcFNy4r9AVtCJPppB06mYSZidCGfokbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtON8WxubW9s7u6W98v7B4VHFPj7pqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3Od+94lKxWLR0tOEehEeCRYygrWRfLsyiLAeB2Em5/6spi99u+rUnQXQOnELUoUCTd/+GgxjkkZUaMKxUn3XSbSXYakZ4XReHqSKJphM8Ij2DRU4osrLFsHn6MIoQxTG0jyh0UL9vZHhSKlpFJjJPKZa9XLxP6+f6vDOy5hIUk0FWR4KU450jPIW0JBJSjSfGoKJZCYrImMsMdGmq7IpwV398jrpXNXd67r7eFNttIo6SnAG51ADF26hAQ/QhDYQSOEZXuHNmlkv1rv1sRzdsIqdU/gD6/MHt5KTLA==</latexit>



Motion of a Point
x(t)

<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

rx(t)
<latexit sha1_base64="07C1hBJWcSrQp8l69FcN/KAXDU4=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyVRQZcFNy4r9AVtCJPppB06mYSZiVhDv8SNC0Xc+inu/BsnbRbaemDgcM693DMnSDhT2nG+rbX1jc2t7dJOeXdv/6BiHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnO/+0ClYrFo6WlCvQiPBAsZwdpIvl0ZRFiPgzCTM/+xps99u+rUnTnQKnELUoUCTd/+GgxjkkZUaMKxUn3XSbSXYakZ4XRWHqSKJphM8Ij2DRU4osrL5sFn6MwoQxTG0jyh0Vz9vZHhSKlpFJjJPKZa9nLxP6+f6vDGy5hIUk0FWRwKU450jPIW0JBJSjSfGoKJZCYrImMsMdGmq7IpwV3+8irpXNTdy7p7f1VttIo6SnACp1ADF66hAXfQhDYQSOEZXuHNerJerHfrYzG6ZhU7x/AH1ucPtISTKg==</latexit>

ry(t)
<latexit sha1_base64="BM+6jHIlZABAUSmmbZVlOzsK94w=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1iEuimJCrosuHFZoS9oQ5hMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45fsyZ0rb9bZU2Nre2d8q7lb39g8Nq7ei4p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/dpf7/UcqFYtER6cxdUM8ESxgBGsjebXqKMR66geZnHtpQ194tbrdtBdA68QpSB0KtL3a12gckSSkQh OOlRo6dqzdDEvNCKfzyihRNMZkhid0aKjAIVVutgg+R+dGGaMgkuYJjRbq740Mh0qloW8m85hq1cvF/7xhooNbN2MiTjQVZHkoSDjSEcpbQGMmKdE8NQQTyUxWRKZYYqJNVxVTgrP65XXSu2w6V03n4bre6hR1lOEUzqABDtxAC+6hDV0gkMAzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucPtguTKw==</latexit>

rz(t)
<latexit sha1_base64="ozNIV0DH6QZzkROD6wCev9hGJ7c=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyVRQZcFNy4r9AVtCJPppB06mYSZidCGfokbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtON8WxubW9s7u6W98v7B4VHFPj7pqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3Od+94lKxWLR0tOEehEeCRYygrWRfLsyiLAeB2Em5/6spi99u+rUnQXQOnELUoUCTd/+GgxjkkZUaMKxUn3XSbSXYakZ4XReHqSKJphM8Ij2DRU4osrLFsHn6MIoQxTG0jyh0UL9vZHhSKlpFJjJPKZa9XLxP6+f6vDOy5hIUk0FWR4KU450jPIW0JBJSjSfGoKJZCYrImMsMdGmq7IpwV398jrpXNXd67r7eFNttIo6SnAG51ADF26hAQ/QhDYQSOEZXuHNmlkv1rv1sRzdsIqdU/gD6/MHt5KTLA==</latexit>

R(t) = [rx(t), ry(t), rz(t)]
<latexit sha1_base64="8oSnll+FfUvoMXAv1UQQTKstCN4=">AAACLHicbZDLSsNAFIYn9VbrLerSzWARKkhJVNCNUOjGZZXeIA1hMp20QycXZiZiDH0gN76KIC4s4tbncNJGqK0/DPx85xzmnN+NGBXSMCZaYWV1bX2juFna2t7Z3dP3D9oijDkmLRyykHddJAijAWlJKhnpRpwg32Wk447qWb3zQLigYdCUSURsHw0C6lGMpEKOXu/5SA5dL70fV+QpvIHWL+Bj51GhMzgHkkXwpIDt6GWjakwFl42ZmzLI1XD0t14/xLFPAokZEsIyjUjaKeKSYkbGpV4sSITwCA2IpWyAfCLsdHrsGJ4o0odeyNULJJzS+YkU+UIkvqs6sz3FYi2D/9WsWHrXdkqDKJYkwLOPvJhBGcIsOdinnGDJEmUQ5lTtCvEQcYSlyrekQjAXT1427fOqeVE17y7LtWYeRxEcgWNQASa4AjVwCxqgBTB4Bq/gA0y0F+1d+9S+Zq0FLZ85BH+kff8ABL2nhw==</latexit>

rotation from body to world coordinates



Motion of a Point
x(t)

<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

xrb
<latexit sha1_base64="zHT/ylPIpGCXHGZmWpkOoQgSLI0=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkqigi4LblxW6ENoQphMJ+3QySTM3EhLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkSzhTY9rdRWVldW9+obta2tnd298z9g66KU0loh8Q8lvcBVpQzQTvAgNP7RFIcBZz2gvFN4fceqFQsFm2YJtSL8FCwkBEMWvLNIzfCMArCbJL7mQt0ApkM8tw363bDnsFaJk5J6qhEyze/3EFM0ogKIBwr1XfsBLwMS2CE07zmpoommIzxkPY1FTiiystm+XPrVCsDK4ylfgKsmfp7I8ORUtMo0JNFWrXoFeJ/Xj+F8NrLmEhSoILMD4UptyC2ijKsAZOUAJ9qgolkOqtFRlhiArqymi7BWfzyMumeN5yLhnN3WW+2yzqq6BidoDPkoCvURLeohTqIoEf0jF7Rm/FkvBjvxsd8tGKUO4foD4zPH4Lvlx4=</latexit>

x(t) = R(t)xrb + c(t)
<latexit sha1_base64="4vVYUBHKQMAVh3Kv+NLQFmo3B6g=">AAACLXicbVDLSgMxFM34rPU16tJNsAgVocyooBuhoAuXVfqCtpRMmmlDMw+SO9IyzA+58VdEcFERt/6Gmba+Wg8Ezj3nXnLvcULBFVjWyFhYXFpeWc2sZdc3Nre2zZ3dqgoiSVmFBiKQdYcoJrjPKsBBsHooGfEcwWpO/yr1a/dMKh74ZRiGrOWRrs9dTgloqW1eNz0CPceNB0kejvAl/qrvxvWP246bwAYQSydJ8PG3QdO2tpmzCtYYeJ7YU5JDU5Ta5nOzE9DIYz5QQZRq2FYIrZhI4FSwJNuMFAsJ7ZMua2jqE4+pVjy+NsGHWulgN5D6+YDH6u+JmHhKDT1Hd6ZLqlkvFf/zGhG4F62Y+2EEzKeTj9xIYAhwGh3ucMkoiKEmhEqud8W0RyShoAPO6hDs2ZPnSfWkYJ8W7NuzXLE8jSOD9tEByiMbnaMiukElVEEUPaAnNEKvxqPxYrwZ75PWBWM6s4f+wPj4BCeDqMA=</latexit>



Motion of a Point
x(t)

<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

x(t) = R(t)xrb + c(t)
<latexit sha1_base64="4vVYUBHKQMAVh3Kv+NLQFmo3B6g=">AAACLXicbVDLSgMxFM34rPU16tJNsAgVocyooBuhoAuXVfqCtpRMmmlDMw+SO9IyzA+58VdEcFERt/6Gmba+Wg8Ezj3nXnLvcULBFVjWyFhYXFpeWc2sZdc3Nre2zZ3dqgoiSVmFBiKQdYcoJrjPKsBBsHooGfEcwWpO/yr1a/dMKh74ZRiGrOWRrs9dTgloqW1eNz0CPceNB0kejvAl/qrvxvWP246bwAYQSydJ8PG3QdO2tpmzCtYYeJ7YU5JDU5Ta5nOzE9DIYz5QQZRq2FYIrZhI4FSwJNuMFAsJ7ZMua2jqE4+pVjy+NsGHWulgN5D6+YDH6u+JmHhKDT1Hd6ZLqlkvFf/zGhG4F62Y+2EEzKeTj9xIYAhwGh3ucMkoiKEmhEqud8W0RyShoAPO6hDs2ZPnSfWkYJ8W7NuzXLE8jSOD9tEByiMbnaMiukElVEEUPaAnNEKvxqPxYrwZ75PWBWM6s4f+wPj4BCeDqMA=</latexit>

c(t)
<latexit sha1_base64="1X8cATDiseaZtv7r5YDWUPoQPfQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56fsnkVLwflil2zFyDrxMlJBXI0BuWv/jBiScBDZJJq3XPsGN2UKhRM8nmpn2geUzahI94zNKQB1266CD0nF0YZEj9S5oVIFurvjZQGWs8Cz0xmIfWql4n/eb0E/Ts3FWGcIA/Z8pCfSIIRyRogQ6E4QzkzhDIlTFbCxlRRhqankinBWf3yOmlf1ZzrmvN4U6k38zqKcAbnUAUHbqEOD9CAFjB4gmd4hTdrar1Y79bHcrRg5Tun8AfW5w+Kj5H/</latexit>

orientation 
of body

position 
of body

position



Motion of a Point
x(t)

<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

c(t)
<latexit sha1_base64="1X8cATDiseaZtv7r5YDWUPoQPfQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56fsnkVLwflil2zFyDrxMlJBXI0BuWv/jBiScBDZJJq3XPsGN2UKhRM8nmpn2geUzahI94zNKQB1266CD0nF0YZEj9S5oVIFurvjZQGWs8Cz0xmIfWql4n/eb0E/Ts3FWGcIA/Z8pCfSIIRyRogQ6E4QzkzhDIlTFbCxlRRhqankinBWf3yOmlf1ZzrmvN4U6k38zqKcAbnUAUHbqEOD9CAFjB4gmd4hTdrar1Y79bHcrRg5Tun8AfW5w+Kj5H/</latexit>

ẋ(t) = Ṙ(t)xrb + ċ(t)
<latexit sha1_base64="Dv9zU0bwfacdQAYbXZvgQYC6vFE=">AAACP3icbVC7SgNBFJ31GeMramkzGISIEHZV0EYI2FhGyQuyIcxOZpMhsw9m7krCsn9m4y/Y2dpYKGJr5+wmoEk8MHA499w79x4nFFyBab4YS8srq2vruY385tb2zm5hb7+hgkhSVqeBCGTLIYoJ7rM6cBCsFUpGPEewpjO8SevNByYVD/wajEPW8Ujf5y6nBLTULTTsXgCx7REYOG48SpISnOBrPKPeT9RfUze2gY0glk6S4NNZM83M3ULRLJsZ8CKxpqSIpqh2C896Co085gMVRKm2ZYbQiYkETgVL8nakWEjokPRZW1OfeEx14uz+BB9rpYfdQOrnA87Uvx0x8ZQae452pluq+Voq/ldrR+BedWLuhxEwn04+ciOBIcBpmLjHJaMgxpoQKrneFdMBkYSCjjyvQ7DmT14kjbOydV627i6Kldo0jhw6REeohCx0iSroFlVRHVH0iF7RO/ownow349P4mliXjGnPAZqB8f0D2vGxRQ==</latexit>

velocity 1st time derivative 
of orientation

1st time derivative 
of position



Motion of a Point
x(t)

<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

c(t)
<latexit sha1_base64="1X8cATDiseaZtv7r5YDWUPoQPfQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56fsnkVLwflil2zFyDrxMlJBXI0BuWv/jBiScBDZJJq3XPsGN2UKhRM8nmpn2geUzahI94zNKQB1266CD0nF0YZEj9S5oVIFurvjZQGWs8Cz0xmIfWql4n/eb0E/Ts3FWGcIA/Z8pCfSIIRyRogQ6E4QzkzhDIlTFbCxlRRhqankinBWf3yOmlf1ZzrmvN4U6k38zqKcAbnUAUHbqEOD9CAFjB4gmd4hTdrar1Y79bHcrRg5Tun8AfW5w+Kj5H/</latexit>

acceleration 2nd time derivative 
of orientation

2nd time derivative 
of position

ẍ(t) = R̈(t)xrb + c̈(t)
<latexit sha1_base64="b4awiqLo93GXM7raSWcaTuZtkd4="></latexit>



Mass Properties: Mass

M =

Z

⌦
dm =

Z

⌦
⇢ dV

<latexit sha1_base64="mPFfi5jATXdxcDm+/5XLKzI8A00=">AAACKXicbVBNSwMxFMzW7/pV9eglWAQPUnZV0ItQ8OJFVLC10C0lm762oUl2Sd6KZenf8eJf8aKgqFf/iGntQVsHAsPMPF7eRIkUFn3/w8vNzM7NLywu5ZdXVtfWCxubVRunhkOFxzI2tYhZkEJDBQVKqCUGmIok3Ea9s6F/ewfGiljfYD+BhmIdLdqCM3RSs1C+oKc0FBqbWXipoMMGNNynIcI9Zq2BmjZNN/6dqDYLRb/kj0CnSTAmRTLGVbPwErZinirQyCWzth74CTYyZlBwCYN8mFpIGO+xDtQd1UyBbWSjSwd01ykt2o6NexrpSP09kTFlbV9FLqkYdu2kNxT/8+optk8amdBJiqD5z6J2KinGdFgbbQkDHGXfEcaNcH+lvMsM4+jKzbsSgsmTp0n1oBQcloLro2L5ZlzHItkmO2SPBOSYlMk5uSIVwskDeSKv5M179J69d+/zJ5rzxjNb5A+8r29CJKYf</latexit>

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

infinitesimal 
mass

infinitesimal 
volume

density



Mass Properties: Mass

• independent of coordinate frame

• invariant under translations / rotations



Mass Properties: Center of Mass

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

xrb
<latexit sha1_base64="zHT/ylPIpGCXHGZmWpkOoQgSLI0=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkqigi4LblxW6ENoQphMJ+3QySTM3EhLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkSzhTY9rdRWVldW9+obta2tnd298z9g66KU0loh8Q8lvcBVpQzQTvAgNP7RFIcBZz2gvFN4fceqFQsFm2YJtSL8FCwkBEMWvLNIzfCMArCbJL7mQt0ApkM8tw363bDnsFaJk5J6qhEyze/3EFM0ogKIBwr1XfsBLwMS2CE07zmpoommIzxkPY1FTiiystm+XPrVCsDK4ylfgKsmfp7I8ORUtMo0JNFWrXoFeJ/Xj+F8NrLmEhSoILMD4UptyC2ijKsAZOUAJ9qgolkOqtFRlhiArqymi7BWfzyMumeN5yLhnN3WW+2yzqq6BidoDPkoCvURLeohTqIoEf0jF7Rm/FkvBjvxsd8tGKUO4foD4zPH4Lvlx4=</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

definition

mass weighted  
average

R
⌦ xrb dmR

⌦ dm
=

R
⌦ xrb ⇢ dV

M
=: 0

<latexit sha1_base64="2xGE7X/d/MutEsRVUg1RzZcellw="></latexit>



Mass Properties: Center of Mass

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

x(t)
<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

mass weighted  
average

R
⌦ x(t) dmR

⌦ dm
=

R
⌦ R(t)xrb + c(t) dm

M
<latexit sha1_base64="ZmGC3JdISxPPzF9K640pa8TY/iU="></latexit>



Mass Properties: Center of Mass

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

x(t)
<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

mass weighted  
average

R
⌦ x(t) dmR

⌦ dm
= R(t)

✓R
⌦ xrb dm

M

◆
+ c(t)

✓R
⌦ dm

M

◆

<latexit sha1_base64="0qVJAEsaGe/u+GI+VPcQhg+y6ns="></latexit>



Mass Properties: Center of Mass

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

x(t)
<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

mass weighted  
average

R
⌦ x(t) dmR

⌦ dm
= R(t)

✓R
⌦ xrb dm

M

◆
+ c(t)

✓R
⌦ dm

M

◆

<latexit sha1_base64="0qVJAEsaGe/u+GI+VPcQhg+y6ns="></latexit>

zero by definition mass divided by mass



Mass Properties: Center of Mass

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

x(t)
<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

mass weighted  
average

R
⌦ x(t) dmR

⌦ dm
= c(t)

<latexit sha1_base64="XLGxF281xhCbY4GnuWYXTxxowQc="></latexit>

R
⌦ x(t)� c(t) dmR

⌦ dm
= 0

<latexit sha1_base64="NvnlQa6Hi1Byxjjr2Qldwhqivss="></latexit>



Mass Properties: Center of Mass

• invariant under rotations

• ignore angular motion if only interested in motion of center of mass



Mass Properties: Moment of Inertia

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

x(t)
<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

x(t) =

2

4
x(t)
y(t)
z(t)

3

5

<latexit sha1_base64="JPOL6Ipg8kYixBaE0lDWlb9NDXQ="></latexit>

omitting time dependence

I(t) =

Z

⌦

2

4
y2 + z2 �xy �xz
�xy x2 + z2 �yz
�xz �yz x2 + y2

3

5 dm

<latexit sha1_base64="dsKdR3nlDTGp3mL3wrK+blGExr4=">AAACl3icbVHbbtQwEHXCrYTbcnlBvFisQEXQVdJWAiEhKhWh8kQrddtK67BynEnWquNE9gRtGuWX+Bje+Buc3TyUlpHsOZ4547HPJJWSFsPwj+ffuHnr9p2Nu8G9+w8ePho9fnJiy9oImIpSleYs4RaU1DBFiQrOKgO8SBScJuf7ff70JxgrS32MTQVxwXMtMyk4utB89IsVHBdJ1n7rNvENDT7RgEmN85Z9LyDnnTsqyHDmfA K51C03hjddK4TogubHNn1LL9z+mm7RJW16v6QXlLFga31cXqY0Q4r2nL6kWfk1p78sYKDToUXAjMwXGAfsHWUIS2zTrpiPxuEkXBm9DqIBjMlgh/PRb5aWoi5Ao1Dc2lkUVhi7FiiFAtektlBxcc5zmDmoeQE2ble6dvSVi6Q0K41bGukqermi5YW1TZE4Zq+ivZrrg//LzWrMPsSt1FWNoMW6UVYriiXth0RTaUCgahzgwkj3VioW3HCBbpSBEyG6+uXr4GR7Eu1MoqPd8d7xIMcGeUFekk0SkfdkjxyQQzIlwnvmffT2vS/+c/+z/9U/WFN9b6h5Sv4x/+gv/f+/YA==</latexit>



Skew-Symmetric Matrix Operator

a⇥ b = [a]⇥b
<latexit sha1_base64="VEzVP1vBQwIRjFToJwebyXDuzqg=">AAACKHicbVDLSsNAFJ3UV62vqEs3g6XgqiQq6EYsuHFZoS9IQ5hMJ+3QySTMTIQS8jlu/BU3Iop065c4aSPW1gsXDufcyz33+DGjUlnW1CitrW9sbpW3Kzu7e/sH5uFRR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++C7Xu49ESBrxlprExA3RkNOAYqQ05Zm3/RCpkR+kKIN9RUMi4Q/jZ/AGOr+666XziWxhxDOrVt2aFVwFdgGqoKimZ771BxFOQsIVZkhKx7Zi5aZIKIoZySr9RJIY4TEaEkdDjvRBN509msGaZgYwiIRuruCMXdxIUSjlJNTOa7lDuazl5H+ak6jg2k0pjxNFOJ4fChIGVQTz1OCACoIVm2iAsKDaK8QjJBBWOtuKDsFefnkVdM7r9kXdfrisNlpFHGVwAk7BGbDBFWiAe9AEbYDBE3gB7+DDeDZejU9jOh8tGcXOMfhTxtc3zvmnvA==</latexit>

a =

2

4
ax
ay
az

3

5

<latexit sha1_base64="qsoyrsH2FbcgmHV7VpDpmdft7z0="></latexit>

matrix-vector 
product

cross 
product

skew-symmetric 
matrix operator elements  

of vector 

[a]⇥ =

2

4
0 �az ay
az 0 �ax
�ay ax 0

3

5

<latexit sha1_base64="amdcvG0K1gpvdq3DuW8F0kHp1pg="></latexit>



Skew-Symmetric Matrix Operator

a⇥ b = [a]⇥b
<latexit sha1_base64="VEzVP1vBQwIRjFToJwebyXDuzqg=">AAACKHicbVDLSsNAFJ3UV62vqEs3g6XgqiQq6EYsuHFZoS9IQ5hMJ+3QySTMTIQS8jlu/BU3Iop065c4aSPW1gsXDufcyz33+DGjUlnW1CitrW9sbpW3Kzu7e/sH5uFRR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++C7Xu49ESBrxlprExA3RkNOAYqQ05Zm3/RCpkR+kKIN9RUMi4Q/jZ/AGOr+666XziWxhxDOrVt2aFVwFdgGqoKimZ771BxFOQsIVZkhKx7Zi5aZIKIoZySr9RJIY4TEaEkdDjvRBN509msGaZgYwiIRuruCMXdxIUSjlJNTOa7lDuazl5H+ak6jg2k0pjxNFOJ4fChIGVQTz1OCACoIVm2iAsKDaK8QjJBBWOtuKDsFefnkVdM7r9kXdfrisNlpFHGVwAk7BGbDBFWiAe9AEbYDBE3gB7+DDeDZejU9jOh8tGcXOMfhTxtc3zvmnvA==</latexit>

[a+ b]⇥ = [a]⇥ + [b]⇥
<latexit sha1_base64="bz/oEUby57FoH6dFAfITf0DapV4=">AAACO3icbVDLSsNAFJ34rPUVdelmsAhCoSQq6EYouHFZpS9IQphMJ+3QyYOZiVBC/suNP+HOjRsXirh176SNGFsPDJw591zuvceLGRXSMJ61peWV1bX1ykZ1c2t7Z1ff2++KKOGYdHDEIt73kCCMhqQjqWSkH3OCAo+Rnje+zuu9e8IFjcK2nMTECdAwpD7FSCrJ1e8sO0By5PkpymAd/ny8zHFTW9KAiAxewZKppNd/9bLf1WtGw5gCLhKzIDVQoOXqT/YgwklAQokZEsIyjVg6KeKSYkayqp0IEiM8RkNiKRoiNcVJp7dn8FgpA+hHXL1Qwqla7khRIMQk8JQz31XM13Lxv5qVSP/SSWkYJ5KEeDbITxiUEcyDhAPKCZZsogjCnKpdIR4hjrBUcVdVCOb8yYuke9owzxrm7Xmt2S7iqIBDcAROgAkuQBPcgBboAAwewAt4A+/ao/aqfWifM+uSVvQcgD/Qvr4BTemvjA==</latexit>

RULES

[a]T⇥ = �[a]⇥
<latexit sha1_base64="tVXD9omdF3oYosdqaqadGkpMllI=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwY0lU0I1QcOOyQh9CEsNkOmmHTiZhZiKUkO9w46+4caGIO3Hj3zhpg9TWAxcO59zLvfcECaNSWda3UVlaXlldq67XNja3tnfM3b2ujFOBSQfHLBZ3AZKEUU46iipG7hJBUBQw0gtG14XfeyBC0pi31TghXoQGnIYUI6Ul37QdN0JqGIQZyr37tp+5ikZE5vAKnsBZ79fxzbrVsCaAi8QuSR2UaPnmp9uPcRoRrjBDUjq2lSgvQ0JRzEhec1NJEoRHaEAcTTnSW7xs8loOj7TSh2EsdHEFJ+rsRIYiKcdRoDuLW+W8V4j/eU6qwksvozxJFeF4uihMGVQxLHKCfSoIVmysCcKC6lshHiKBsNJp1nQI9vzLi6R72rDPGvbteb3ZLuOoggNwCI6BDS5AE9yAFugADB7BM3gFb8aT8WK8Gx/T1opRzuyDPzC+fgAKtKGO</latexit>

[a]⇥[b]⇥ = baT � aTbE3⇥3
<latexit sha1_base64="5wNz4fkK58zYMrq9cNBvbJF80PI="></latexit>

E3⇥3
<latexit sha1_base64="LpT7CPPwYrZZxz8jmjuDFWU/3QA=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJrKDLggguK/QFTQiT6aQdOnkwMxFKyMZfceNCEbd+hjv/xkmbhbYeuHA4517uvcdPOJPKsr6Nytr6xuZWdbu2s7u3f2AeHvVknApCuyTmsRj4WFLOItpVTHE6SATFoc9p35/eFn7/kQrJ4qijZgl1QzyOWMAIVlryzBMnxGriB9ld7mVN5CgWUomauWfWrYY1B1oldknqUKLtmV/OKCZpSCNFOJZyaFuJcjMsFCOc5jUnlTTBZIrHdKhphPUeN5s/kKNzrYxQEAtdkUJz9fdEhkMpZ6GvO4tz5bJXiP95w1QFN27GoiRVNCKLRUHKkYpRkQYaMUGJ4jNNMBFM34rIBAtMlM6spkOwl19eJb3Lht1s2A9X9VanjKMKp3AGF2DDNbTgHtrQBQI5PMMrvBlPxovxbnwsWitGOXMMf2B8/gAqVpYs</latexit>

identity matrix



Mass Properties: Moment of Inertia

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

x(t)
<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

x(t) =

2

4
x(t)
y(t)
z(t)

3

5

<latexit sha1_base64="JPOL6Ipg8kYixBaE0lDWlb9NDXQ="></latexit>

omitting time dependence

I(t) =

Z

⌦

2

4
y2 + z2 �xy �xz
�xy x2 + z2 �yz
�xz �yz x2 + y2

3

5 dm

<latexit sha1_base64="dsKdR3nlDTGp3mL3wrK+blGExr4=">AAACl3icbVHbbtQwEHXCrYTbcnlBvFisQEXQVdJWAiEhKhWh8kQrddtK67BynEnWquNE9gRtGuWX+Bje+Buc3TyUlpHsOZ4547HPJJWSFsPwj+ffuHnr9p2Nu8G9+w8ePho9fnJiy9oImIpSleYs4RaU1DBFiQrOKgO8SBScJuf7ff70JxgrS32MTQVxwXMtMyk4utB89IsVHBdJ1n7rNvENDT7RgEmN85Z9LyDnnTsqyHDmfA K51C03hjddK4TogubHNn1LL9z+mm7RJW16v6QXlLFga31cXqY0Q4r2nL6kWfk1p78sYKDToUXAjMwXGAfsHWUIS2zTrpiPxuEkXBm9DqIBjMlgh/PRb5aWoi5Ao1Dc2lkUVhi7FiiFAtektlBxcc5zmDmoeQE2ble6dvSVi6Q0K41bGukqermi5YW1TZE4Zq+ivZrrg//LzWrMPsSt1FWNoMW6UVYriiXth0RTaUCgahzgwkj3VioW3HCBbpSBEyG6+uXr4GR7Eu1MoqPd8d7xIMcGeUFekk0SkfdkjxyQQzIlwnvmffT2vS/+c/+z/9U/WFN9b6h5Sv4x/+gv/f+/YA==</latexit>



Mass Properties: Moment of Inertia

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

x(t)
<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

I(t) =

Z

⌦
[x(t)]T⇥[x(t)]⇥ dm

<latexit sha1_base64="vWlneVFLbs0uTWn7LFyXeLOz24E=">AAACSHicbZBPSxxBEMV7VmN0E82qRy+NS0BBlhkNJBdByEVPKuyqsDMOPb01a2N3z9BdE1yG+Xi55Jibn8GLB0PwZs+64p+1oOHxflVU9UtyKSz6/rXXmJn9MPdxfqH56fPi0pfW8sqJzQrDocczmZmzhFmQQkMPBUo4yw0wlUg4TS5/1vz0FxgrMt3FUQ6RYkMtUsEZOituxaFieJGk5UG1gZt0l4ZCY1yGhwqGrKL9J3xV4+ i86xAKBXYKPYNwi4YIV1gOKkXjVtvv+OOi0yKYiDaZ1FHc+hsOMl4o0Mgls7Yf+DlGJTMouISqGRYWcsYv2RD6TmrmdkblOIiKfnXOgKaZcU8jHbsvJ0qmrB2pxHXWx9u3rDbfY/0C0x9RKXReIGj+uCgtJMWM1qnSgTDAUY6cYNwIdyvlF8wwji77pgshePvlaXGy3Ql2OsHxt/ZedxLHPFkj62SDBOQ72SP75Ij0CCe/yQ25I/+8P96t99+7f2xteJOZVfKqGo0HoTiy7w==</latexit>



Mass Properties: Moment of Inertia

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

x(t)
<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>

I(t) = R(t)IrbR(t)T �M
�
c(t)c(t)T � c(t)T c(t)E3⇥3

�
<latexit sha1_base64="MtxdMmCqVRSfWo5ot1rcMkKSFPU=">AAAClXicbVHfTxpBEN4724rYVqQPPvRlI2mCDyV3YiIvJGi10YemaEBNOEr2ljnYsPcju3NGcrn/yL+mb/1vXJDagkyyyTfffF9mdsZPpNDoOH8se+PN23ebha3i9vsPH3dKu+UbHaeKQ5fHMlZ3PtMgRQRdFCjhLlHAQl/CrT/5Nqvf3oPSIo46OE2gH7JRJALBGRpqUHr0QoZjP8gu8yoe0Cb9m1/P83/VQeYhPGCm/Dxf0v zq0K/0B/UkBFh9MfAlO38RrjLr9eemXZ16KELQtJ5TT4nRGA8GpYpTc+ZBXwN3ASpkEe1B6bc3jHkaQoRcMq17rpNgP2MKBZeQF71UQ8L4hI2gZ2DETL9+Nt9qTr8YZkiDWJkXIZ2z/zsyFmo9DX2jnI2tV2szcl2tl2LQ6GciSlKEiD83ClJJMaazE9GhUMBRTg1gXAkzK+VjphhHc8iiWYK7+uXX4Oaw5tZr7tVRpdVZrKNAPpN9UiUuOSYtckHapEu4VbYa1ol1au/ZTfvM/v4sta2F5xNZCvvnE5+XyAw=</latexit>

Irb =

Z

⌦
[xrb]

T
⇥[xrb]⇥ dm

<latexit sha1_base64="8/1fkmAROVvAP7k9W0674TOF7Do="></latexit>

account for 
changes in orientation 

(rotations)

account for  
changes in position 

(translations)

constant!



Mass Properties: Moment of Inertia

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

I(t) = R(t)IrbR(t)T �M
�
c(t)c(t)T � c(t)T c(t)E3⇥3

�
<latexit sha1_base64="MtxdMmCqVRSfWo5ot1rcMkKSFPU=">AAAClXicbVHfTxpBEN4724rYVqQPPvRlI2mCDyV3YiIvJGi10YemaEBNOEr2ljnYsPcju3NGcrn/yL+mb/1vXJDagkyyyTfffF9mdsZPpNDoOH8se+PN23ebha3i9vsPH3dKu+UbHaeKQ5fHMlZ3PtMgRQRdFCjhLlHAQl/CrT/5Nqvf3oPSIo46OE2gH7JRJALBGRpqUHr0QoZjP8gu8yoe0Cb9m1/P83/VQeYhPGCm/Dxf0v zq0K/0B/UkBFh9MfAlO38RrjLr9eemXZ16KELQtJ5TT4nRGA8GpYpTc+ZBXwN3ASpkEe1B6bc3jHkaQoRcMq17rpNgP2MKBZeQF71UQ8L4hI2gZ2DETL9+Nt9qTr8YZkiDWJkXIZ2z/zsyFmo9DX2jnI2tV2szcl2tl2LQ6GciSlKEiD83ClJJMaazE9GhUMBRTg1gXAkzK+VjphhHc8iiWYK7+uXX4Oaw5tZr7tVRpdVZrKNAPpN9UiUuOSYtckHapEu4VbYa1ol1au/ZTfvM/v4sta2F5xNZCvvnE5+XyAw=</latexit>

Irb =

Z

⌦
[xrb]

T
⇥[xrb]⇥ dm

<latexit sha1_base64="8/1fkmAROVvAP7k9W0674TOF7Do="></latexit>

xrb
<latexit sha1_base64="zHT/ylPIpGCXHGZmWpkOoQgSLI0=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkqigi4LblxW6ENoQphMJ+3QySTM3EhLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkSzhTY9rdRWVldW9+obta2tnd298z9g66KU0loh8Q8lvcBVpQzQTvAgNP7RFIcBZz2gvFN4fceqFQsFm2YJtSL8FCwkBEMWvLNIzfCMArCbJL7mQt0ApkM8tw363bDnsFaJk5J6qhEyze/3EFM0ogKIBwr1XfsBLwMS2CE07zmpoommIzxkPY1FTiiystm+XPrVCsDK4ylfgKsmfp7I8ORUtMo0JNFWrXoFeJ/Xj+F8NrLmEhSoILMD4UptyC2ijKsAZOUAJ9qgolkOqtFRlhiArqymi7BWfzyMumeN5yLhnN3WW+2yzqq6BidoDPkoCvURLeohTqIoEf0jF7Rm/FkvBjvxsd8tGKUO4foD4zPH4Lvlx4=</latexit>



Mass Properties: Moment of Inertia

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

Irb =

Z

⌦
[xrb]

T
⇥[xrb]⇥ dm

<latexit sha1_base64="8/1fkmAROVvAP7k9W0674TOF7Do="></latexit>

I(t) = R(t)IrbR(t)T �M
�
c(t)c(t)T � c(t)T c(t)E3⇥3

�
<latexit sha1_base64="MtxdMmCqVRSfWo5ot1rcMkKSFPU=">AAAClXicbVHfTxpBEN4724rYVqQPPvRlI2mCDyV3YiIvJGi10YemaEBNOEr2ljnYsPcju3NGcrn/yL+mb/1vXJDagkyyyTfffF9mdsZPpNDoOH8se+PN23ebha3i9vsPH3dKu+UbHaeKQ5fHMlZ3PtMgRQRdFCjhLlHAQl/CrT/5Nqvf3oPSIo46OE2gH7JRJALBGRpqUHr0QoZjP8gu8yoe0Cb9m1/P83/VQeYhPGCm/Dxf0v zq0K/0B/UkBFh9MfAlO38RrjLr9eemXZ16KELQtJ5TT4nRGA8GpYpTc+ZBXwN3ASpkEe1B6bc3jHkaQoRcMq17rpNgP2MKBZeQF71UQ8L4hI2gZ2DETL9+Nt9qTr8YZkiDWJkXIZ2z/zsyFmo9DX2jnI2tV2szcl2tl2LQ6GciSlKEiD83ClJJMaazE9GhUMBRTg1gXAkzK+VjphhHc8iiWYK7+uXX4Oaw5tZr7tVRpdVZrKNAPpN9UiUuOSYtckHapEu4VbYa1ol1au/ZTfvM/v4sta2F5xNZCvvnE5+XyAw=</latexit>

x(t)
<latexit sha1_base64="ze8y77+QCDrsC19xKt3b7IBln6M=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxIVdFlw47JCX9CGMplO2qGTSZy5KZbQ73DjQhG3fow7/8ZJm4W2Hhg4nHMv98zxY8E1Os63tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1fKKZ4JI1kaNgnVgxEvqCtf3xXea3J0xpHskGTmPmhWQoecApQSN5vZDgyA/Sp1kFL/qlslN15rBXiZuTMuSo90tfvUFEk5BJpIJo3XWdGL2UKORUsFmxl2gWEzomQ9Y1VJKQaS+dh57Z50YZ2EGkzJNoz9XfGykJtZ6GvpnMQuplLxP/87oJBrdeymWcIJN0cShIhI2RnTVgD7hiFMXUEEIVN1ltOiKKUDQ9FU0J7vKXV0nrsupeVd2H63KtkddRgFM4gwq4cAM1uIc6NIHCIzzDK7xZE+vFerc+FqNrVr5zAn9gff4AqreSFA==</latexit>



Mass Properties: Moment of Inertia

• depends on orientation (rotations) and positions (translations)



Mass Properties: Moment of Inertia

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

Ic(t) = R(t)IrbR(t)T
<latexit sha1_base64="XmHEjVanLiMJME9BFKPD+q7uniI=">AAACO3icbVC7SgNBFJ31GeMramkzGITYhF0VtBECNtrFkBckMcxOZpMhsw9m7oph2f+y8SfsbGwsFLG1dzbZgEk8MHDm3HO59x47EFyBab4aS8srq2vrmY3s5tb2zm5ub7+u/FBSVqO+8GXTJooJ7rEacBCsGUhGXFuwhj28TuqNByYV970qjALWcUnf4w6nBLTUzVXaLoGB7US3cTeachrHBTjBV3gqVMb/GSuwR4ikHcezpvsq7ubyZtEcAy8SKyV5lKLczb20ez4NXeYBFUSplmUG0ImIBE4Fi7PtULGA0CHps5amHnGZ6kTj22N8rJUednypnwd4rP7tiIir1Mi1tTPZU83XEvG/WisE57ITcS8IgXl0MsgJBQYfJ0HiHpeMghhpQqjkeldMB0QSCjrurA7Bmj95kdRPi9ZZ0bo7z5eqaRwZdIiOUAFZ6AKV0A0qoxqi6Am9oQ/0aTwb78aX8T2xLhlpzwGagfHzC1kUruQ=</latexit>

frame with same 
orientation as world 

frame but centered at  c
<latexit sha1_base64="f/5INetCE/EJ18DoRIjQ1Ryttdg=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQFXRbcuKzQF7ahTKaTduhkEmZuhBL6F25cKOLWv3Hn3zhps9DWAwOHc+5lzj1BIoVB1/121tY3Nre2Szvl3b39g8PK0XHbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5y/3OE9dGxKqJ04T7ER0pEQpG0UqP/YjiOAgzNhtUqm7NnYOsEq8gVSjQGFS++sOYpRFXyCQ1pue5CfoZ1SiY5LNyPzU8oWxCR7xnqaIRN342Tzwj51YZkjDW9ikkc/X3RkYjY6ZRYCfzhGbZy8X/vF6K4a2fCZWkyBVbfBSmkmBM8vPJUGjOUE4toUwLm5WwMdWUoS2pbEvwlk9eJe3LmndV8x6uq/VmUUcJTuEMLsCDG6jDPTSgBQwUPMMrvDnGeXHenY/F6JpT7JzAHzifP+O2kRw=</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

x(t)� c(t)
<latexit sha1_base64="WRaCrAFmcW1p6cd22zcLMk9mUio=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCXVhmVNBlwY3LCn1BW0omzbShmcyQZMQydOXGX3HjQhG3foM7/8ZMO4K2Hgice8695N7jRZwp7ThfVm5peWV1Lb9e2Njc2t6xd/caKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vRG16nfvKNSsVDU9Dii3QAPBPMZwdpIPfuwE2A99PzkflLSJ+gU/dQkrXt20Sk7U6BF4makCBmqPfuz0w9JHFChCcdKtV0n0t0ES80Ip5NCJ1Y0wmSEB7RtqMABVd1kesYEHRulj/xQmic0mqq/JxIcKDUOPNOZLqnmvVT8z2vH2r/qJkxEsaaCzD7yY450iNJMUJ9JSjQfG4KJZGZXRIZYYqJNcgUTgjt/8iJpnJXd87J7e1Gs1LI48nAAR1ACFy6hAjdQhToQeIAneIFX69F6tt6s91lrzspm9uEPrI9vCPGYQA==</latexit>

subscript c
<latexit sha1_base64="f/5INetCE/EJ18DoRIjQ1Ryttdg=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQFXRbcuKzQF7ahTKaTduhkEmZuhBL6F25cKOLWv3Hn3zhps9DWAwOHc+5lzj1BIoVB1/121tY3Nre2Szvl3b39g8PK0XHbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5y/3OE9dGxKqJ04T7ER0pEQpG0UqP/YjiOAgzNhtUqm7NnYOsEq8gVSjQGFS++sOYpRFXyCQ1pue5CfoZ1SiY5LNyPzU8oWxCR7xnqaIRN342Tzwj51YZkjDW9ikkc/X3RkYjY6ZRYCfzhGbZy8X/vF6K4a2fCZWkyBVbfBSmkmBM8vPJUGjOUE4toUwLm5WwMdWUoS2pbEvwlk9eJe3LmndV8x6uq/VmUUcJTuEMLsCDG6jDPTSgBQwUPMMrvDnGeXHenY/F6JpT7JzAHzifP+O2kRw=</latexit>



Mass Properties: Moment of Inertia

s⌦(⇢) = [s1, sx, sy, sz, sxy, syz, sxz, sx2 , sy2 , sz2 ]T
<latexit sha1_base64="4LuvFEX7h5Y59lrQwLAHJ0zXxbk="></latexit>

st = ⇢

Z

⌦
t dV

<latexit sha1_base64="Sr5l27IVSQW5EgYfpMtJ8aEa0Vk=">AAACEHicbVDJSsRAEO24O26jHr00DqIHGRIV9CIIXrw5wizCJIROp2amsdMJ3RVxCPMJXvwVLx4U8erRm39jz3Jwe1DweK+KqnpRJoVB1/10pqZnZufmFxZLS8srq2vl9Y2mSXPNocFTmerriBmQQkEDBUq4zjSwJJLQim7Oh37rFrQRqapjP4MgYV0lOoIztFJY3jUh0lPq615KfaEwLPzLBLpsQJH6+9RHuMMiHjTDcsWtuiPQv8SbkAqZoBaWP/w45XkCCrlkxrQ9N8OgYBoFlzAo+bmBjPEb1oW2pYolYIJi9NCA7lglpp1U21JIR+r3iYIlxvSTyHYmDHvmtzcU//PaOXZOgkKoLEdQfLyok0uKKR2mQ2OhgaPsW8K4FvZWyntMM442w5INwfv98l/SPKh6h1Xv6qhyVp/EsUC2yDbZIx45JmfkgtRIg3ByTx7JM3lxHpwn59V5G7dOOZOZTfIDzvsXY/icQA==</latexit>

sxy = ⇢

Z

⌦
xy dV

<latexit sha1_base64="D3m5HGB8MkqQoB0tCQk4sJBum24=">AAACFXicbVBNS8NAEN3U7/pV9ehlsQgepCQq6EUQvHhTwbZCU8JmO22XbjZhdyINIX/Ci3/FiwdFvAre/DduPw5+PRh4vDfDzLwwkcKg6346pZnZufmFxaXy8srq2nplY7Nh4lRzqPNYxvo2ZAakUFBHgRJuEw0sCiU0w8H5yG/egTYiVjeYJdCOWE+JruAMrRRU9k2QD7OCnlJf92PqC4VB7l9G0GMFHdKM+vvURxhi3ikaQaXq1twx6F/iTUmVTHEVVD78TszTCBRyyYxpeW6C7ZxpFFxCUfZTAwnjA9aDlqWKRWDa+firgu5apUO7sbalkI7V7xM5i4zJotB2Rgz75rc3Ev/zWil2T9q5UEmKoPhkUTeVFGM6ioh2hAaOMrOEcS3srZT3mWYcbZBlG4L3++W/pHFQ8w5r3vVR9exmGsci2SY7ZI945JickQtyReqEk3vySJ7Ji/PgPDmvztukteRMZ7bIDzjvX5monoQ=</latexit>

integral over monomials  

, e.g.,



Mass Properties: Moment of Inertia

s⌦(⇢) = [s1, sx, sy, sz, sxy, syz, sxz, sx2 , sy2 , sz2 ]T
<latexit sha1_base64="4LuvFEX7h5Y59lrQwLAHJ0zXxbk="></latexit>

M = s1
<latexit sha1_base64="R1PbMgsHfWDTlf344djBCWlJQsg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQ8OJFqNAvaEPZbDft0s0m7E6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjO9mfvuJayNi1cBJwv2IDpUIBaNopfYDuSWm7/XLFbfqzkFWiZeTCuSo98tfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzslZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDGz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6p3WfUeryq1Rh5HEU7gFM7Bg2uowT3UoQkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4A1B2Oog==</latexit>

mass center of 
mass c =

1

M

2

4
sx
sy
sz

3

5

<latexit sha1_base64="2gJnpf5qPie8WyeZjO4Tx5pR+9s="></latexit>

moment of 
inertia I =

2

4
sy2 + sz2 �sxy �sxz
�sxy sx2 + sz2 �syz
�sxz �syz sx2 + sy2

3

5

<latexit sha1_base64="AGai007IC9b2d1OQFtzk2A5GuqU="></latexit>



Homework: Moment of Inertia of Triangulated Solids

idea: use Divergence theorem to 
recast volume as surface integrals

http://www.baecher.info/publications/spin_it_sup_mat_sig14.pdf



body frame

Mass Properties: Moment of Inertia

Irb =

2

4
sy2 + sz2

sx2 + sz2

sx2 + sy2

3

5

<latexit sha1_base64="T5DvdJEZhLYPzySY6wA6PIgB9GU="></latexit>



body frame

Mass Properties: Moment of Inertia

Irb =

2

4
Ia

Ib
Ic

3

5

<latexit sha1_base64="fIwkIf+uxb/gINWY5ifgbvv4qX0="></latexit>

Ia
<latexit sha1_base64="qH7B9WMq8+aO6prqYzjBxaG2rIM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi94q9gvaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j2XDTBL0IzqUPOSMGis93vdpv1xxq+4cZJV4OalAjnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1buseg9XlVojj6MIJ3AK5+DBNdTgDurQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPxM8jbY=</latexit>

Ib
<latexit sha1_base64="K+7P9yL7yE3F+hNKOTM4APE+hZo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi94q9gvaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j2XDTBL0IzqUPOSMGis93veDfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZ9R6uKrVGHkcRTuAUzsGDa6jBHdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAUwI23</latexit>

Ic
<latexit sha1_base64="vBQcIhA8mehf6AwuoSq+coMqp4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi94q9gvaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j2XDTBL0IzqUPOSMGis93vdZv1xxq+4cZJV4OalAjnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1buseg9XlVojj6MIJ3AK5+DBNdTgDurQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPxZEjbg=</latexit>



frame centered 
at 

Mass Properties: Moment of Inertia

Ic =

2

4
sy2 + sz2 �sxy
�sxy sx2 + sz2

Ic

3

5

<latexit sha1_base64="0h8M9+/lPdqtdlKQqEjNgk4tJU4="></latexit>

c
<latexit sha1_base64="f/5INetCE/EJ18DoRIjQ1Ryttdg=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQFXRbcuKzQF7ahTKaTduhkEmZuhBL6F25cKOLWv3Hn3zhps9DWAwOHc+5lzj1BIoVB1/121tY3Nre2Szvl3b39g8PK0XHbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5y/3OE9dGxKqJ04T7ER0pEQpG0UqP/YjiOAgzNhtUqm7NnYOsEq8gVSjQGFS++sOYpRFXyCQ1pue5CfoZ1SiY5LNyPzU8oWxCR7xnqaIRN342Tzwj51YZkjDW9ikkc/X3RkYjY6ZRYCfzhGbZy8X/vF6K4a2fCZWkyBVbfBSmkmBM8vPJUGjOUE4toUwLm5WwMdWUoS2pbEvwlk9eJe3LmndV8x6uq/VmUUcJTuEMLsCDG6jDPTSgBQwUPMMrvDnGeXHenY/F6JpT7JzAHzifP+O2kRw=</latexit>



Mass Properties: Moment of Inertia

frame centered 
at c

<latexit sha1_base64="f/5INetCE/EJ18DoRIjQ1Ryttdg=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQFXRbcuKzQF7ahTKaTduhkEmZuhBL6F25cKOLWv3Hn3zhps9DWAwOHc+5lzj1BIoVB1/121tY3Nre2Szvl3b39g8PK0XHbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5y/3OE9dGxKqJ04T7ER0pEQpG0UqP/YjiOAgzNhtUqm7NnYOsEq8gVSjQGFS++sOYpRFXyCQ1pue5CfoZ1SiY5LNyPzU8oWxCR7xnqaIRN342Tzwj51YZkjDW9ikkc/X3RkYjY6ZRYCfzhGbZy8X/vF6K4a2fCZWkyBVbfBSmkmBM8vPJUGjOUE4toUwLm5WwMdWUoS2pbEvwlk9eJe3LmndV8x6uq/VmUUcJTuEMLsCDG6jDPTSgBQwUPMMrvDnGeXHenY/F6JpT7JzAHzifP+O2kRw=</latexit>

world frame

+M
�
ccT � cT cE3⇥3

�
<latexit sha1_base64="svnm904AhSIueAmbV1T9PU3wvmk="></latexit>

Ic =

2

4
sy2 + sz2 �sxy
�sxy sx2 + sz2

Ic

3

5

<latexit sha1_base64="0h8M9+/lPdqtdlKQqEjNgk4tJU4="></latexit>

world frame



Mass Properties: Moment of Inertia

frame centered 
at c

<latexit sha1_base64="f/5INetCE/EJ18DoRIjQ1Ryttdg=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQFXRbcuKzQF7ahTKaTduhkEmZuhBL6F25cKOLWv3Hn3zhps9DWAwOHc+5lzj1BIoVB1/121tY3Nre2Szvl3b39g8PK0XHbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5y/3OE9dGxKqJ04T7ER0pEQpG0UqP/YjiOAgzNhtUqm7NnYOsEq8gVSjQGFS++sOYpRFXyCQ1pue5CfoZ1SiY5LNyPzU8oWxCR7xnqaIRN342Tzwj51YZkjDW9ikkc/X3RkYjY6ZRYCfzhGbZy8X/vF6K4a2fCZWkyBVbfBSmkmBM8vPJUGjOUE4toUwLm5WwMdWUoS2pbEvwlk9eJe3LmndV8x6uq/VmUUcJTuEMLsCDG6jDPTSgBQwUPMMrvDnGeXHenY/F6JpT7JzAHzifP+O2kRw=</latexit>

world frame

+M
�
ccT � cT cE3⇥3

�
<latexit sha1_base64="svnm904AhSIueAmbV1T9PU3wvmk="></latexit>

c =
1

M
[0, 0, sz]

T

<latexit sha1_base64="WZhCS9CUiue5nd8ja8s0KJgxw0s=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISVRQTdCwY0boUJf0MQwmU7aoZNJmJkINeQP3Pgrblwo4tatO//GSZuFth5m4HDOvdx7jx8zKpVlfRulhcWl5ZXyamVtfWNzy9zeacsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH13lfueeCEkj3lTjmLghGnAaUIyUljzz0AmRGvpBijN4CZ1AIJzaWXqTwZ51DPWT3oN71/TMqlWzJoDzxC5IFRRoeOaX049wEhKuMENS9mwrVm6KhKKYkaziJJLECI/QgPQ05Sgk0k0n92TwQCt9GERCf67gRP3dkaJQynHo68p8eznr5eJ/Xi9RwYWbUh4ninA8HRQkDKoI5uHAPhUEKzbWBGFB9a4QD5HOROkIKzoEe/bkedI+qdmnNfv2rFpvFnGUwR7YB0fABuegDq5BA7QABo/gGbyCN+PJeDHejY9packoenbBHxifP4JQmxY=</latexit>

Ic =

2

4
sy2 + sz2 �sxy
�sxy sx2 + sz2

Ic

3

5

<latexit sha1_base64="0h8M9+/lPdqtdlKQqEjNgk4tJU4="></latexit>

world frame



Linear vs. Angular Motion

• linear motion: motion of center of mass

c(t)
<latexit sha1_base64="1X8cATDiseaZtv7r5YDWUPoQPfQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56fsnkVLwflil2zFyDrxMlJBXI0BuWv/jBiScBDZJJq3XPsGN2UKhRM8nmpn2geUzahI94zNKQB1266CD0nF0YZEj9S5oVIFurvjZQGWs8Cz0xmIfWql4n/eb0E/Ts3FWGcIA/Z8pCfSIIRyRogQ6E4QzkzhDIlTFbCxlRRhqankinBWf3yOmlf1ZzrmvN4U6k38zqKcAbnUAUHbqEOD9CAFjB4gmd4hTdrar1Y79bHcrRg5Tun8AfW5w+Kj5H/</latexit>

“particle” whose mass 
is concentrated at the  

center of mass

M
<latexit sha1_base64="tbNmjjhVaM+FYf/L9uS80d+35WM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix48SK00C9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dtbWNza3tgs7xd29/YPD0tFxS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwbZpKgH9Gh5CFn1Fip/tAvld2KOwdZJV5OypCj1i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxripe/bpcbeRxFOAUzuACPLiBKtxDDZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPq3OM5g==</latexit>



Linear vs. Angular Motion

• linear motion: motion of center of mass

x(t)� c(t)
<latexit sha1_base64="WRaCrAFmcW1p6cd22zcLMk9mUio=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCXVhmVNBlwY3LCn1BW0omzbShmcyQZMQydOXGX3HjQhG3foM7/8ZMO4K2Hgice8695N7jRZwp7ThfVm5peWV1Lb9e2Njc2t6xd/caKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vRG16nfvKNSsVDU9Dii3QAPBPMZwdpIPfuwE2A99PzkflLSJ+gU/dQkrXt20Sk7U6BF4makCBmqPfuz0w9JHFChCcdKtV0n0t0ES80Ip5NCJ1Y0wmSEB7RtqMABVd1kesYEHRulj/xQmic0mqq/JxIcKDUOPNOZLqnmvVT8z2vH2r/qJkxEsaaCzD7yY450iNJMUJ9JSjQfG4KJZGZXRIZYYqJNcgUTgjt/8iJpnJXd87J7e1Gs1LI48nAAR1ACFy6hAjdQhToQeIAneIFX69F6tt6s91lrzspm9uEPrI9vCPGYQA==</latexit>

• angular motion: motion of points about center of mass

motion of points  
w.r.t. center of mass



Linear vs. Angular Motion
f(t)

<latexit sha1_base64="SvGIipkBUIZNAR80I/h6pxxGxmQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56f+vMqXg7KFbtmL0DWiZOTCuRoDMpf/WHEkoCHyCTVuufYMbopVSiY5PNSP9E8pmxCR7xnaEgDrt10EXpOLowyJH6kzAuRLNTfGykNtJ4FnpnMQupVLxP/83oJ+nduKsI4QR6y5SE/kQQjkjVAhkJxhnJmCGVKmKyEjamiDE1PJVOCs/rlddK+qjnXNefxplJv5nUU4QzOoQoO3EIdHqABLWDwBM/wCm/W1Hqx3q2P5WjByndO4Q+szx+PJ5IC</latexit>

x(t)� c(t)
<latexit sha1_base64="WRaCrAFmcW1p6cd22zcLMk9mUio=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCXVhmVNBlwY3LCn1BW0omzbShmcyQZMQydOXGX3HjQhG3foM7/8ZMO4K2Hgice8695N7jRZwp7ThfVm5peWV1Lb9e2Njc2t6xd/caKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vRG16nfvKNSsVDU9Dii3QAPBPMZwdpIPfuwE2A99PzkflLSJ+gU/dQkrXt20Sk7U6BF4makCBmqPfuz0w9JHFChCcdKtV0n0t0ES80Ip5NCJ1Y0wmSEB7RtqMABVd1kesYEHRulj/xQmic0mqq/JxIcKDUOPNOZLqnmvVT8z2vH2r/qJkxEsaaCzD7yY450iNJMUJ9JSjQfG4KJZGZXRIZYYqJNcgUTgjt/8iJpnJXd87J7e1Gs1LI48nAAR1ACFy6hAjdQhToQeIAneIFX69F6tt6s91lrzspm9uEPrI9vCPGYQA==</latexit>

force

c(t)
<latexit sha1_base64="1X8cATDiseaZtv7r5YDWUPoQPfQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56fsnkVLwflil2zFyDrxMlJBXI0BuWv/jBiScBDZJJq3XPsGN2UKhRM8nmpn2geUzahI94zNKQB1266CD0nF0YZEj9S5oVIFurvjZQGWs8Cz0xmIfWql4n/eb0E/Ts3FWGcIA/Z8pCfSIIRyRogQ6E4QzkzhDIlTFbCxlRRhqankinBWf3yOmlf1ZzrmvN4U6k38zqKcAbnUAUHbqEOD9CAFjB4gmd4hTdrar1Y79bHcrRg5Tun8AfW5w+Kj5H/</latexit>

⌧ c(t) = (x(t)� c(t))⇥ f(t)
<latexit sha1_base64="5xx6OKhV4rQgxYumlN9qyHTkKm0="></latexit>

f(t)
<latexit sha1_base64="SvGIipkBUIZNAR80I/h6pxxGxmQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56f+vMqXg7KFbtmL0DWiZOTCuRoDMpf/WHEkoCHyCTVuufYMbopVSiY5PNSP9E8pmxCR7xnaEgDrt10EXpOLowyJH6kzAuRLNTfGykNtJ4FnpnMQupVLxP/83oJ+nduKsI4QR6y5SE/kQQjkjVAhkJxhnJmCGVKmKyEjamiDE1PJVOCs/rlddK+qjnXNefxplJv5nUU4QzOoQoO3EIdHqABLWDwBM/wCm/W1Hqx3q2P5WjByndO4Q+szx+PJ5IC</latexit>

force

torque ⌧ c(t)
<latexit sha1_base64="AXUyjHeY0reovY6Q3g30gmKg2Ro=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiQq6LLgxmWFvqAJYTKdtEMnD2ZuhBKyd+OvuHGhiFt/wJ1/46TNQlsvDHM4517uucdPBFdgWd/G2vrG5tZ2Zae6u7d/cGgeHfdUnErKujQWsRz4RDHBI9YFDoINEslI6AvW96e3hd5/YFLxOOrALGFuSMYRDzgloCnPrDl+LEZqFuovc4CkuZc5IYGJH2Q0zxtwjj2zbjWteeFVYJegjspqe+aXM4ppGrIIqCBKDW0rATcjEjgVLK86qWIJoVMyZkMNIxIy5WbzW3J8ppkRDmKpXwR4zv6eyEioCru6s7CplrWC/E8bphDcuBmPkhRYRBeLglRgiHERDB5xySiImQaESq69YjohklDQ8VV1CPbyyaugd9G0L5v2/VW91SnjqKBTVEMNZKNr1EJ3qI26iKJH9Ixe0ZvxZLwY78bHonXNKGdO0J8yPn8A+Tibqg==</latexit>

change of linear motion

change of angular motion

torque



Linear vs. Angular Motion

f(t)
<latexit sha1_base64="SvGIipkBUIZNAR80I/h6pxxGxmQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56f+vMqXg7KFbtmL0DWiZOTCuRoDMpf/WHEkoCHyCTVuufYMbopVSiY5PNSP9E8pmxCR7xnaEgDrt10EXpOLowyJH6kzAuRLNTfGykNtJ4FnpnMQupVLxP/83oJ+nduKsI4QR6y5SE/kQQjkjVAhkJxhnJmCGVKmKyEjamiDE1PJVOCs/rlddK+qjnXNefxplJv5nUU4QzOoQoO3EIdHqABLWDwBM/wCm/W1Hqx3q2P5WjByndO4Q+szx+PJ5IC</latexit>

force
M

<latexit sha1_base64="tbNmjjhVaM+FYf/L9uS80d+35WM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix48SK00C9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dtbWNza3tgs7xd29/YPD0tFxS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwbZpKgH9Gh5CFn1Fip/tAvld2KOwdZJV5OypCj1i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxripe/bpcbeRxFOAUzuACPLiBKtxDDZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPq3OM5g==</latexit>

c(t)
<latexit sha1_base64="1X8cATDiseaZtv7r5YDWUPoQPfQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56fsnkVLwflil2zFyDrxMlJBXI0BuWv/jBiScBDZJJq3XPsGN2UKhRM8nmpn2geUzahI94zNKQB1266CD0nF0YZEj9S5oVIFurvjZQGWs8Cz0xmIfWql4n/eb0E/Ts3FWGcIA/Z8pCfSIIRyRogQ6E4QzkzhDIlTFbCxlRRhqankinBWf3yOmlf1ZzrmvN4U6k38zqKcAbnUAUHbqEOD9CAFjB4gmd4hTdrar1Y79bHcrRg5Tun8AfW5w+Kj5H/</latexit>

f(t) = Ma(t)
<latexit sha1_base64="aDbCNE0GpG811ILUr2meeE9lMrY=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFqJuSqKAboeDGjVChN2hLmUwn7dDJJMycCCV06cZXceNCEbc+gjvfxkkbQVt/GPj5zjnMOb8XCa7Bcb6s3NLyyupafr2wsbm1vWPv7jV0GCvK6jQUoWp5RDPBJasDB8FakWIk8ARreqPrtN68Z0rzUNZgHLFuQAaS+5wSMKhnH3YCAkPPT/xJCU7wFb7FP4SkpGcXnbIzFV40bmaKKFO1Z392+iGNAyaBCqJ123Ui6CZEAaeCTQqdWLOI0BEZsLaxkgRMd5PpIRN8bEgf+6EyTwKe0t8TCQm0Hgee6UyX1PO1FP5Xa8fgX3YTLqMYmKSzj/xYYAhxmgruc8UoiLExhCpudsV0SBShYLIrmBDc+ZMXTeO07J6V3bvzYqWWxZFHB+gIlZCLLlAF3aAqqiOKHtATekGv1qP1bL1Z77PWnJXN7KM/sj6+AQK+mL0=</latexit>

Newton’s 2nd Law

c̈(t) =
f(t)

M
<latexit sha1_base64="g0hzSBSEoGOfffcSF3LnprF9Ejg=">AAACF3icbZDLSsNAFIYn9VbrrerSzWAR6iYkKuhGKLhxI1Roa6EJZTKZtEMnF2ZOhBLyFm58FTcuFHGrO9/GSVtEW38Y+PnOOcw5v5cIrsCyvozS0vLK6lp5vbKxubW9U93d66g4lZS1aSxi2fWIYoJHrA0cBOsmkpHQE+zOG10V9bt7JhWPoxaME+aGZBDxgFMCGvWrpuP7MWROSGDoBRnN8zoc40vsBJLQHxwUNM9u8n61ZpnWRHjR2DNTQzM1+9VPx49pGrIIqCBK9WwrATcjEjgVLK84qWIJoSMyYD1tIxIy5WaTu3J8pImPg1jqFwGe0N8TGQmVGoee7iwWVfO1Av5X66UQXLgZj5IUWESnHwWpwBDjIiTsc8koiLE2hEqud8V0SHQioKOs6BDs+ZMXTefEtE9N+/as1mjN4iijA3SI6shG56iBrlETtRFFD+gJvaBX49F4Nt6M92lryZjN7KM/Mj6+AWN4oBw=</latexit>

2nd order ODE 1st order ODE

v(t) = ċ(t)
<latexit sha1_base64="Ue8Pa8nh5nhvxHDicCNCWLS8ZA8=">AAACDHicbVDLSsNAFJ34rPVVdelmsAh1UxIVdCMU3Lis0Be0oUymk3boZBJmbgol5APc+CtuXCji1g9w5984aSNo64GBw7nn3rn3eJHgGmz7y1pZXVvf2CxsFbd3dvf2SweHLR3GirImDUWoOh7RTHDJmsBBsE6kGAk8wdre+DartydMaR7KBkwj5gZkKLnPKQEj9UvlXkBg5PnJJK3AGb7BvUEIyY9I00w1Lrtqz4CXiZOTMspR75c+zRQaB0wCFUTrrmNH4CZEAaeCpcVerFlE6JgMWddQSQKm3WR2TIpPjTLAfqjMk4Bn6u+OhARaTwPPOLMt9WItE/+rdWPwr92EyygGJun8Iz8WGEKcJYMHXDEKYmoIoYqbXTEdEUUomPyKJgRn8eRl0jqvOhdV5/6yXGvkcRTQMTpBFeSgK1RDd6iOmoiiB/SEXtCr9Wg9W2/W+9y6YuU9R+gPrI9vOb6bJQ==</latexit>

v̇(t) =
f(t)

M
<latexit sha1_base64="fbqCAB4gx+cBS3KgLq+iUL4Y09U=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUlU0I1QcONGqNAXNKVMppN26OTBzE2hhHyFG3/FjQtF3Io7/8ZJG0RbDwwczrn3zr3HjQRXYFlfxtLyyuraemGjuLm1vbNr7u03VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHN5nfGjOpeBjUYRKxrk8GAfc4JaClnnnq9ENIHJ/A0PWScZqW4QRfY8eThP7IXqamyV3aM0tWxZoCLxI7JyWUo9YzP/V8GvssACqIUh3biqCbEAmcCpYWnVixiNARGbCOpgHxmeom07NSfKyVPvZCqV8AeKr+7kiIr9TEd3Vltqia9zLxP68Tg3fVTXgQxcACOvvIiwWGEGcZ4T6XjIKYaEKo5HpXTIdEJwI6yaIOwZ4/eZE0zyr2ecW+vyhV63kcBXSIjlAZ2egSVdEtqqEGougBPaEX9Go8Gs/Gm/E+K10y8p4D9AfGxze0C5/B</latexit>

introduce auxiliary  
variable (velocity)



Linear vs. Angular Motion

orientation 
of body

position 
of body

position

x(t)� c(t)
<latexit sha1_base64="WRaCrAFmcW1p6cd22zcLMk9mUio=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCXVhmVNBlwY3LCn1BW0omzbShmcyQZMQydOXGX3HjQhG3foM7/8ZMO4K2Hgice8695N7jRZwp7ThfVm5peWV1Lb9e2Njc2t6xd/caKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vRG16nfvKNSsVDU9Dii3QAPBPMZwdpIPfuwE2A99PzkflLSJ+gU/dQkrXt20Sk7U6BF4makCBmqPfuz0w9JHFChCcdKtV0n0t0ES80Ip5NCJ1Y0wmSEB7RtqMABVd1kesYEHRulj/xQmic0mqq/JxIcKDUOPNOZLqnmvVT8z2vH2r/qJkxEsaaCzD7yY450iNJMUJ9JSjQfG4KJZGZXRIZYYqJNcgUTgjt/8iJpnJXd87J7e1Gs1LI48nAAR1ACFy6hAjdQhToQeIAneIFX69F6tt6s91lrzspm9uEPrI9vCPGYQA==</latexit>

x(t)� c(t) = R(t)xrb
<latexit sha1_base64="Ff4Zk94AnSE++XMqIvc+VqfWU9c=">AAACLXicbVDLSgMxFM34rPU16tJNsAh1YZlRQTdCQRcuq/QFbSmZNNOGZh4kd6RlmB9y46+I4KIibv0N02l9tR4InHPuveTe44SCK7CskbGwuLS8sppZy65vbG5tmzu7VRVEkrIKDUQg6w5RTHCfVYCDYPVQMuI5gtWc/tW4XrtnUvHAL8MwZC2PdH3uckpAW23zuukR6DluPEjycISP8Zemqb781nep/ulux01gA4ilkyRtM2cVrBR4nthTkkNTlNrmc7MT0MhjPlBBlGrYVgitmEjgVLAk24wUCwntky5raOoTj6lWnF6b4EPtdLAbSP18wKn7eyImnlJDz9Gd423VbG1s/ldrROBetGLuhxEwn04+ciOBIcDj6HCHS0ZBDDUhVHK9K6Y9IgkFHXBWh2DPnjxPqicF+7Rg357liuVpHBm0jw5QHtnoHBXRDSqhCqLoAT2hEXo1Ho0X4814n7QuGNOZPfQHxscnC8Sowg==</latexit>



Linear vs. Angular Motion

velocity velocity of  
center of mass

1st time derivative 
of orientation

How does the 
orientation change 

over time?

ẋ(t)� v(t) = Ṙ(t)xrb
<latexit sha1_base64="dJQvZ4Zo/+8gW3f5ZN4o6acxh60=">AAACOXicbVDLSgMxFM34rPVVdekmWIS6sMyooBuh4MZllb6gHYZMmmlDMw+SO6VlmN9y41+4E9y4UMStP2D6EG3rhcDJueck9x43ElyBaT4bS8srq2vrmY3s5tb2zm5ub7+mwlhSVqWhCGXDJYoJHrAqcBCsEUlGfFewutu7GfXrfSYVD4MKDCNm+6QTcI9TAppycuVWO4Sk5RPoul4ySNMCnOBT/EP0x/drPKO6n6h+TU7SAjaARLpp6uTyZtEcF14E1hTk0bTKTu5JP05jnwVABVGqaZkR2AmRwKlgabYVKxYR2iMd1tQwID5TdjLePMXHmmljL5T6BIDH7F9HQnylhr6rlaNp1XxvRP7Xa8bgXdkJD6IYWEAnH3mxwBDiUYy4zSWjIIYaECq5nhXTLpGEgg47q0Ow5ldeBLWzonVetO4u8qXKNI4MOkRHqIAsdIlK6BaVURVR9IBe0Bt6Nx6NV+PD+JxIl4yp5wDNlPH1DUAGroM=</latexit>

v(t)
<latexit sha1_base64="bLZqa+NXB6LKGoeYydBkEnj+hHg=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMeAF48R8oJkDbOT2WTI7IOZ3khY8h9ePCji1X/x5t84m+xBEwsGiqpuuqa8WAqNtv1tra1vbG5tF3aKu3v7B4elo+OWjhLFeJNFMlIdj2ouRcibKFDyTqw4DTzJ2974LvPbE660iMIGTmPuBnQYCl8wikZ67AUUR56fTmYVvCD9Utmu2nOQVeLkpAw56v3SV28QsSTgITJJte46doxuShUKJvms2Es0jykb0yHvGhrSgGs3naeekXOjDIgfKfNCJHP190ZKA62ngWcms5R62cvE/7xugv6tm4owTpCHbHHITyTBiGQVkIFQnKGcGkKZEiYrYSOqKENTVNGU4Cx/eZW0LqvOVdV5uC7XGnkdBTiFM6iAAzdQg3uoQxMYKHiGV3iznqwX6936WIyuWfnOCfyB9fkDAjOSPA==</latexit>

ẋ(t)� v(t)
<latexit sha1_base64="FcTDBfu/cwEIoTM8Reftsz1wZjE=">AAACDXicbVDLSgMxFM34rPU16tJNsAp1YZlRQZcFNy4r9AXtUDJppg3NPEjuFMvQH3Djr7hxoYhb9+78GzPTEbT1QODknHuTe48bCa7Asr6MpeWV1bX1wkZxc2t7Z9fc22+qMJaUNWgoQtl2iWKCB6wBHARrR5IR3xWs5Y5uUr81ZlLxMKjDJGKOTwYB9zgloKWeedzth5B0fQJD10vup9MynOIz/COMs3vPLFkVKwNeJHZOSihHrWd+6mdp7LMAqCBKdWwrAichEjgVbFrsxopFhI7IgHU0DYjPlJNk20zxiVb62AulPgHgTP3dkRBfqYnv6sp0SjXvpeJ/XicG79pJeBDFwAI6+8iLBYYQp9HgPpeMgphoQqjkelZMh0QSCjrAog7Bnl95kTTPK/ZFxb67LFXreRwFdIiOUBnZ6ApV0S2qoQai6AE9oRf0ajwaz8ab8T4rXTLyngP0B8bHN6yKm1Q=</latexit>



Linear vs. Angular Motion

R(t) = [rx(t), ry(t), rz(t)]
<latexit sha1_base64="8oSnll+FfUvoMXAv1UQQTKstCN4=">AAACLHicbZDLSsNAFIYn9VbrLerSzWARKkhJVNCNUOjGZZXeIA1hMp20QycXZiZiDH0gN76KIC4s4tbncNJGqK0/DPx85xzmnN+NGBXSMCZaYWV1bX2juFna2t7Z3dP3D9oijDkmLRyykHddJAijAWlJKhnpRpwg32Wk447qWb3zQLigYdCUSURsHw0C6lGMpEKOXu/5SA5dL70fV+QpvIHWL+Bj51GhMzgHkkXwpIDt6GWjakwFl42ZmzLI1XD0t14/xLFPAokZEsIyjUjaKeKSYkbGpV4sSITwCA2IpWyAfCLsdHrsGJ4o0odeyNULJJzS+YkU+UIkvqs6sz3FYi2D/9WsWHrXdkqDKJYkwLOPvJhBGcIsOdinnGDJEmUQ5lTtCvEQcYSlyrekQjAXT1427fOqeVE17y7LtWYeRxEcgWNQASa4AjVwCxqgBTB4Bq/gA0y0F+1d+9S+Zq0FLZ85BH+kff8ABL2nhw==</latexit>

angular velocity!(t)
<latexit sha1_base64="xi9zz31OpCbx0rxSJNXhAN0MbPw=">AAAB/3icbVBLSwMxGMz6rPW1KnjxEixCvZRdFfRY8OKxQl/QXUo2m7aheSxJVihrD/4VLx4U8erf8Oa/MdvuQVsHQoaZ7yOTiRJGtfG8b2dldW19Y7O0Vd7e2d3bdw8O21qmCpMWlkyqboQ0YVSQlqGGkW6iCOIRI51ofJv7nQeiNJWiaSYJCTkaCjqgGBkr9d3jIJIs1hNuryyQnAzRtGrO+27Fq3kzwGXiF6QCCjT67lcQS5xyIgxmSOue7yUmzJAyFDMyLQepJgnCYzQkPUsF4kSH2Sz/FJ5ZJYYDqewRBs7U3xsZ4jqPaCc5MiO96OXif14vNYObMKMiSQ0ReP7QIGXQSJiXAWOqCDZsYgnCitqsEI+QQtjYysq2BH/xy8ukfVHzL2v+/VWl3izqKIETcAqqwAfXoA7uQAO0AAaP4Bm8gjfnyXlx3p2P+eiKU+wcgT9wPn8ASlGWUQ==</latexit>

- vector quantity (translation-invariant)
- direction: axis body is spinning about
- magnitude: how fast body is spinning 

                  about axis [rads/s]

columns: axes



Linear vs. Angular Motion
!(t)

<latexit sha1_base64="xi9zz31OpCbx0rxSJNXhAN0MbPw=">AAAB/3icbVBLSwMxGMz6rPW1KnjxEixCvZRdFfRY8OKxQl/QXUo2m7aheSxJVihrD/4VLx4U8erf8Oa/MdvuQVsHQoaZ7yOTiRJGtfG8b2dldW19Y7O0Vd7e2d3bdw8O21qmCpMWlkyqboQ0YVSQlqGGkW6iCOIRI51ofJv7nQeiNJWiaSYJCTkaCjqgGBkr9d3jIJIs1hNuryyQnAzRtGrO+27Fq3kzwGXiF6QCCjT67lcQS5xyIgxmSOue7yUmzJAyFDMyLQepJgnCYzQkPUsF4kSH2Sz/FJ5ZJYYDqewRBs7U3xsZ4jqPaCc5MiO96OXif14vNYObMKMiSQ0ReP7QIGXQSJiXAWOqCDZsYgnCitqsEI+QQtjYysq2BH/xy8ukfVHzL2v+/VWl3izqKIETcAqqwAfXoA7uQAO0AAaP4Bm8gjfnyXlx3p2P+eiKU+wcgT9wPn8ASlGWUQ==</latexit>

columns: “velocities” of axes

Ṙ(t) = [ṙx(t), ṙy(t), ṙz(t)]
<latexit sha1_base64="k6k3bjHPCsD1VHcgZ/6gy//Ch+U=">AAACRXicbZBLSwMxFIUz9VXHV9Wlm2ARKkiZUUE3QsGNyyp9QTuUTJppQzMPkjtiHebPuXHvzn/gxoUibjXTdmFbLwQO37k3uTluJLgCy3o1ckvLK6tr+XVzY3Nre6ewu9dQYSwpq9NQhLLlEsUED1gdOAjWiiQjvitY0x1eZ37znknFw6AGo4g5PukH3OOUgEbdQqfTCyHp+AQGrpfcpWkJjvEVbs9gmabdB22cYHOBj8Z8AT9q7HQLRatsjQsvCnsqimha1W7hRV9EY58FQAVRqm1bETgJkcCpYKnZiRWLCB2SPmtrGRCfKScZp5DiI0162AulPgHgMf07kRBfqZHv6s5sUTXvZfA/rx2Dd+kkPIhiYAGdPOTFAkOIs0hxj0tGQYy0IFRyvSumAyIJBR28qUOw57+8KBqnZfusbN+eFyu1aRx5dIAOUQnZ6AJV0A2qojqi6Am9oQ/0aTwb78aX8T1pzRnTmX00U8bPL5jpsvc=</latexit>

angular velocity
- vector quantity (translation-invariant)
- direction: axis body is spinning about
- magnitude: how fast body is spinning 

                  about axis [rads/s]

ṙ(t) = !(t)⇥ r(t)
<latexit sha1_base64="xbqgkAyqAt8QfYbOfTo33ZLCcG8=">AAACKnicbVDLSsNAFJ34rPUVdelmsAh1UxIVdCNU3Lis0Bc0pUymk3boJBNmboQS+j1u/BU3XSjFrR/ipA2orReGOZxzL+fe48eCa3CcmbW2vrG5tV3YKe7u7R8c2kfHTS0TRVmDSiFV2yeaCR6xBnAQrB0rRkJfsJY/esj01jNTmsuoDuOYdUMyiHjAKQFD9ex7ry8h9UICQz9I1WRShgt8hz1fir4eh+ZLPRmyAZkLHvCQafzTbsieXXIqzrzwKnBzUEJ51Xr21HjSJGQRUEG07rhODN2UKOBUsEnRSzSLCR2RAesYGBFj2U3np07wuWH6OJDKvAjwnP09kZJQZ3ubzmxJvaxl5H9aJ4HgtpvyKE6ARXRhFCQCg8RZbrjPFaMgxgYQqrjZFdMhUYSCSbdoQnCXT14FzcuKe1Vxn65L1XoeRwGdojNURi66QVX0iGqogSh6QW/oHX1Yr9bUmlmfi9Y1K585QX/K+voGRk+nzw==</latexit>



Angular Velocity
!(t)

<latexit sha1_base64="xi9zz31OpCbx0rxSJNXhAN0MbPw=">AAAB/3icbVBLSwMxGMz6rPW1KnjxEixCvZRdFfRY8OKxQl/QXUo2m7aheSxJVihrD/4VLx4U8erf8Oa/MdvuQVsHQoaZ7yOTiRJGtfG8b2dldW19Y7O0Vd7e2d3bdw8O21qmCpMWlkyqboQ0YVSQlqGGkW6iCOIRI51ofJv7nQeiNJWiaSYJCTkaCjqgGBkr9d3jIJIs1hNuryyQnAzRtGrO+27Fq3kzwGXiF6QCCjT67lcQS5xyIgxmSOue7yUmzJAyFDMyLQepJgnCYzQkPUsF4kSH2Sz/FJ5ZJYYDqewRBs7U3xsZ4jqPaCc5MiO96OXif14vNYObMKMiSQ0ReP7QIGXQSJiXAWOqCDZsYgnCitqsEI+QQtjYysq2BH/xy8ukfVHzL2v+/VWl3izqKIETcAqqwAfXoA7uQAO0AAaP4Bm8gjfnyXlx3p2P+eiKU+wcgT9wPn8ASlGWUQ==</latexit>

r(t)
<latexit sha1_base64="td5v5yTkKKLXUjn9Z1RrfpUWq2g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56fqnkVLwflil2zFyDrxMlJBXI0BuWv/jBiScBDZJJq3XPsGN2UKhRM8nmpn2geUzahI94zNKQB1266CD0nF0YZEj9S5oVIFurvjZQGWs8Cz0xmIfWql4n/eb0E/Ts3FWGcIA/Z8pCfSIIRyRogQ6E4QzkzhDIlTFbCxlRRhqankinBWf3yOmlf1ZzrmvN4U6k38zqKcAbnUAUHbqEOD9CAFjB4gmd4hTdrar1Y79bHcrRg5Tun8AfW5w+hh5IO</latexit>

rk(t)
<latexit sha1_base64="jHX5MSYkVDA+dGLkGhdN4E0NgJo=">AAACAnicbVBNS8NAEN34WetX1JN4CRahXkqigh4LXjxW6Bc0IWy2m3bpZhN2J0IJwYt/xYsHRbz6K7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsrq2vrFZ2apu7+zu7ZsHh10Vp5LQDol5LPsBVpQzQTvAgNN+IimOAk57weS28HsPVCoWizZME+pFeCRYyAgGLfnmsRthGAdhJnM/cxMsMeeU53U4982a3bBnsJaJU5IaKtHyzS93GJM0ogIIx0oNHDsBL8MSGOE0r7qpogkmEzyiA00FjqjystkLuXWmlaEVxlKXAGum/p7IcKTUNAp0Z3GwWvQK8T9vkEJ442VMJClQQeaLwpRbEFtFHtaQSUqATzXBRDJ9q0XGOgYCOrWqDsFZfHmZdC8azmXDub+qNdtlHBV0gk5RHTnoGjXRHWqhDiLoET2jV/RmPBkvxrvxMW9dMcqZI/QHxucPx/2Xtw==</latexit>

r?(t)
<latexit sha1_base64="btURVgMrIykakIqYjAuaSQkrCwY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSLUTUlU0GXBjcsKfUETwmQ6aYdOJmHmRqgh+CtuXCji1v9w5984abPQ1gMDh3Pu5Z45QcKZAtv+NlZW19Y3Nitb1e2d3b198+Cwq+JUEtohMY9lP8CKciZoBxhw2k8kxVHAaS+Y3BZ+74FKxWLRhmlCvQiPBAsZwaAl3zx2IwzjIMxk7mduEENeh3PfrNkNewZrmTglqaESLd/8cocxSSMqgHCs1MCxE/AyLIERTvOqmyqaYDLBIzrQVOCIKi+bpc+tM60MrTCW+gmwZurvjQxHSk2jQE8WWdWiV4j/eYMUwhsvYyJJgQoyPxSm3ILYKqqwhkxSAnyqCSaS6awWGWOJCejCqroEZ/HLy6R70XAuG879Va3ZLuuooBN0iurIQdeoie5QC3UQQY/oGb2iN+PJeDHejY/56IpR7hyhPzA+fwDMGJV9</latexit>

constant angular velocity

ṙ(t) = !(t)⇥ r(t) = !(t)⇥ rk(t) + !(t)⇥ r?(t)
<latexit sha1_base64="IKFs0v1NbFeuvnLXg1Eb6PuoSt8="></latexit>

kṙ(t)k = k!(t)⇥ r(t)k = k!(t)kkr?(t)k
<latexit sha1_base64="VEmBeS9Bznwta20xMe8nKCFTx5I="></latexit>

radius of circleangular velocity



Linear vs. Angular Motion
!(t)

<latexit sha1_base64="xi9zz31OpCbx0rxSJNXhAN0MbPw=">AAAB/3icbVBLSwMxGMz6rPW1KnjxEixCvZRdFfRY8OKxQl/QXUo2m7aheSxJVihrD/4VLx4U8erf8Oa/MdvuQVsHQoaZ7yOTiRJGtfG8b2dldW19Y7O0Vd7e2d3bdw8O21qmCpMWlkyqboQ0YVSQlqGGkW6iCOIRI51ofJv7nQeiNJWiaSYJCTkaCjqgGBkr9d3jIJIs1hNuryyQnAzRtGrO+27Fq3kzwGXiF6QCCjT67lcQS5xyIgxmSOue7yUmzJAyFDMyLQepJgnCYzQkPUsF4kSH2Sz/FJ5ZJYYDqewRBs7U3xsZ4jqPaCc5MiO96OXif14vNYObMKMiSQ0ReP7QIGXQSJiXAWOqCDZsYgnCitqsEI+QQtjYysq2BH/xy8ukfVHzL2v+/VWl3izqKIETcAqqwAfXoA7uQAO0AAaP4Bm8gjfnyXlx3p2P+eiKU+wcgT9wPn8ASlGWUQ==</latexit>

Ṙ(t) = [ṙx(t), ṙy(t), ṙz(t)]
<latexit sha1_base64="k6k3bjHPCsD1VHcgZ/6gy//Ch+U=">AAACRXicbZBLSwMxFIUz9VXHV9Wlm2ARKkiZUUE3QsGNyyp9QTuUTJppQzMPkjtiHebPuXHvzn/gxoUibjXTdmFbLwQO37k3uTluJLgCy3o1ckvLK6tr+XVzY3Nre6ewu9dQYSwpq9NQhLLlEsUED1gdOAjWiiQjvitY0x1eZ37znknFw6AGo4g5PukH3OOUgEbdQqfTCyHp+AQGrpfcpWkJjvEVbs9gmabdB22cYHOBj8Z8AT9q7HQLRatsjQsvCnsqimha1W7hRV9EY58FQAVRqm1bETgJkcCpYKnZiRWLCB2SPmtrGRCfKScZp5DiI0162AulPgHgMf07kRBfqZHv6s5sUTXvZfA/rx2Dd+kkPIhiYAGdPOTFAkOIs0hxj0tGQYy0IFRyvSumAyIJBR28qUOw57+8KBqnZfusbN+eFyu1aRx5dIAOUQnZ6AJV0A2qojqi6Am9oQ/0aTwb78aX8T1pzRnTmX00U8bPL5jpsvc=</latexit>

angular velocity

ṙ(t) = !(t)⇥ r(t)
<latexit sha1_base64="xbqgkAyqAt8QfYbOfTo33ZLCcG8=">AAACKnicbVDLSsNAFJ34rPUVdelmsAh1UxIVdCNU3Lis0Bc0pUymk3boJBNmboQS+j1u/BU3XSjFrR/ipA2orReGOZxzL+fe48eCa3CcmbW2vrG5tV3YKe7u7R8c2kfHTS0TRVmDSiFV2yeaCR6xBnAQrB0rRkJfsJY/esj01jNTmsuoDuOYdUMyiHjAKQFD9ex7ry8h9UICQz9I1WRShgt8hz1fir4eh+ZLPRmyAZkLHvCQafzTbsieXXIqzrzwKnBzUEJ51Xr21HjSJGQRUEG07rhODN2UKOBUsEnRSzSLCR2RAesYGBFj2U3np07wuWH6OJDKvAjwnP09kZJQZ3ubzmxJvaxl5H9aJ4HgtpvyKE6ARXRhFCQCg8RZbrjPFaMgxgYQqrjZFdMhUYSCSbdoQnCXT14FzcuKe1Vxn65L1XoeRwGdojNURi66QVX0iGqogSh6QW/oHX1Yr9bUmlmfi9Y1K585QX/K+voGRk+nzw==</latexit>



Linear vs. Angular Motion
!(t)

<latexit sha1_base64="xi9zz31OpCbx0rxSJNXhAN0MbPw=">AAAB/3icbVBLSwMxGMz6rPW1KnjxEixCvZRdFfRY8OKxQl/QXUo2m7aheSxJVihrD/4VLx4U8erf8Oa/MdvuQVsHQoaZ7yOTiRJGtfG8b2dldW19Y7O0Vd7e2d3bdw8O21qmCpMWlkyqboQ0YVSQlqGGkW6iCOIRI51ofJv7nQeiNJWiaSYJCTkaCjqgGBkr9d3jIJIs1hNuryyQnAzRtGrO+27Fq3kzwGXiF6QCCjT67lcQS5xyIgxmSOue7yUmzJAyFDMyLQepJgnCYzQkPUsF4kSH2Sz/FJ5ZJYYDqewRBs7U3xsZ4jqPaCc5MiO96OXif14vNYObMKMiSQ0ReP7QIGXQSJiXAWOqCDZsYgnCitqsEI+QQtjYysq2BH/xy8ukfVHzL2v+/VWl3izqKIETcAqqwAfXoA7uQAO0AAaP4Bm8gjfnyXlx3p2P+eiKU+wcgT9wPn8ASlGWUQ==</latexit>

angular velocity

Ṙ(t) = [!(t)⇥ rx(t),!(t)⇥ ry(t),!(t)⇥ rz(t)]
<latexit sha1_base64="wfLwPpvbTGxdgTHePaBwoDCqF3s="></latexit>



Linear vs. Angular Motion
!(t)

<latexit sha1_base64="xi9zz31OpCbx0rxSJNXhAN0MbPw=">AAAB/3icbVBLSwMxGMz6rPW1KnjxEixCvZRdFfRY8OKxQl/QXUo2m7aheSxJVihrD/4VLx4U8erf8Oa/MdvuQVsHQoaZ7yOTiRJGtfG8b2dldW19Y7O0Vd7e2d3bdw8O21qmCpMWlkyqboQ0YVSQlqGGkW6iCOIRI51ofJv7nQeiNJWiaSYJCTkaCjqgGBkr9d3jIJIs1hNuryyQnAzRtGrO+27Fq3kzwGXiF6QCCjT67lcQS5xyIgxmSOue7yUmzJAyFDMyLQepJgnCYzQkPUsF4kSH2Sz/FJ5ZJYYDqewRBs7U3xsZ4jqPaCc5MiO96OXif14vNYObMKMiSQ0ReP7QIGXQSJiXAWOqCDZsYgnCitqsEI+QQtjYysq2BH/xy8ukfVHzL2v+/VWl3izqKIETcAqqwAfXoA7uQAO0AAaP4Bm8gjfnyXlx3p2P+eiKU+wcgT9wPn8ASlGWUQ==</latexit>

angular velocity

Ṙ(t) = [!(t)]⇥R(t)
<latexit sha1_base64="YZ2NBDmLK0TMU0CkNQO1MadyKfY="></latexit>



Linear vs. Angular Motion

velocity  
relative to CoM

v(t)
<latexit sha1_base64="bLZqa+NXB6LKGoeYydBkEnj+hHg=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMeAF48R8oJkDbOT2WTI7IOZ3khY8h9ePCji1X/x5t84m+xBEwsGiqpuuqa8WAqNtv1tra1vbG5tF3aKu3v7B4elo+OWjhLFeJNFMlIdj2ouRcibKFDyTqw4DTzJ2974LvPbE660iMIGTmPuBnQYCl8wikZ67AUUR56fTmYVvCD9Utmu2nOQVeLkpAw56v3SV28QsSTgITJJte46doxuShUKJvms2Es0jykb0yHvGhrSgGs3naeekXOjDIgfKfNCJHP190ZKA62ngWcms5R62cvE/7xugv6tm4owTpCHbHHITyTBiGQVkIFQnKGcGkKZEiYrYSOqKENTVNGU4Cx/eZW0LqvOVdV5uC7XGnkdBTiFM6iAAzdQg3uoQxMYKHiGV3iznqwX6936WIyuWfnOCfyB9fkDAjOSPA==</latexit>

ẋ(t)� v(t)
<latexit sha1_base64="FcTDBfu/cwEIoTM8Reftsz1wZjE=">AAACDXicbVDLSgMxFM34rPU16tJNsAp1YZlRQZcFNy4r9AXtUDJppg3NPEjuFMvQH3Djr7hxoYhb9+78GzPTEbT1QODknHuTe48bCa7Asr6MpeWV1bX1wkZxc2t7Z9fc22+qMJaUNWgoQtl2iWKCB6wBHARrR5IR3xWs5Y5uUr81ZlLxMKjDJGKOTwYB9zgloKWeedzth5B0fQJD10vup9MynOIz/COMs3vPLFkVKwNeJHZOSihHrWd+6mdp7LMAqCBKdWwrAichEjgVbFrsxopFhI7IgHU0DYjPlJNk20zxiVb62AulPgHgTP3dkRBfqYnv6sp0SjXvpeJ/XicG79pJeBDFwAI6+8iLBYYQp9HgPpeMgphoQqjkelZMh0QSCjrAog7Bnl95kTTPK/ZFxb67LFXreRwFdIiOUBnZ6ApV0S2qoQai6AE9oRf0ajwaz8ab8T4rXTLyngP0B8bHN6yKm1Q=</latexit>

ẋ(t)� v(t) = [!]⇥R(t)xrb = [!]⇥ (x(t)� c(t))
<latexit sha1_base64="qtqwdG6efNaw3Qptz6tatUNzaOQ="></latexit>

position  
relative to CoM



Linear vs. Angular Momentum

v(t)
<latexit sha1_base64="bLZqa+NXB6LKGoeYydBkEnj+hHg=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMeAF48R8oJkDbOT2WTI7IOZ3khY8h9ePCji1X/x5t84m+xBEwsGiqpuuqa8WAqNtv1tra1vbG5tF3aKu3v7B4elo+OWjhLFeJNFMlIdj2ouRcibKFDyTqw4DTzJ2974LvPbE660iMIGTmPuBnQYCl8wikZ67AUUR56fTmYVvCD9Utmu2nOQVeLkpAw56v3SV28QsSTgITJJte46doxuShUKJvms2Es0jykb0yHvGhrSgGs3naeekXOjDIgfKfNCJHP190ZKA62ngWcms5R62cvE/7xugv6tm4owTpCHbHHITyTBiGQVkIFQnKGcGkKZEiYrYSOqKENTVNGU4Cx/eZW0LqvOVdV5uC7XGnkdBTiFM6iAAzdQg3uoQxMYKHiGV3iznqwX6936WIyuWfnOCfyB9fkDAjOSPA==</latexit>

ẋ(t)
<latexit sha1_base64="b1Xg7fCORbEd/ugFZqebs3vzgCU=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZFXRZcOOyQl/QlpJJM21oJjMkd8Q6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce5OT40WCa3Ccb6uwsrq2vlHcLG1t7+zu2fsHLR3GirImDUWoOh7RTHDJmsBBsE6kGAk8wdre5Cbz2/dMaR7KBkwj1g/ISHKfUwJGGthHvWEISS8gMPb85CFNK3CGB3bZqToz4GXi5qSMctQH9pe5hsYBk0AF0brrOhH0E6KAU8HSUi/WLCJ0Qkasa6gkAdP9ZJY+xadGGWI/VOZIwDP190ZCAq2ngWcms5h60cvE/7xuDP51P+EyioFJOn/IjwWGEGdV4CFXjIKYGkKo4iYrpmOiCAVTWMmU4C5+eZm0zqvuRdW9uyzXGnkdRXSMTlAFuegK1dAtqqMmougRPaNX9GY9WS/Wu/UxHy1Y+c4h+gPr8wd4wJVG</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

P(t) =

Z

⌦
ẋ(t) dm

<latexit sha1_base64="9b4v4o1sHQEw4ODqQbfXj5WHmls=">AAACJ3icbVBNSwMxEM36bf2qevQSLIKClF0V9KIIXrxZwarQLSWbztZgkl2SWWlZ9t948a94EVREj/4T01rBrweBx5s3k5kXpVJY9P03b2R0bHxicmq6NDM7N79QXlw6t0lmONR5IhNzGTELUmioo0AJl6kBpiIJF9H1Ub9+cQPGikSfYS+FpmIdLWLBGTqpVT4IFcOrKM5rxTpu0H0aCo2tPDxR0GEFDdsJ5l+WbjHwhJs0ROhi3i5Uq1zxq/4A9C8JhqRChqi1yo9uJM8UaOSSWdsI/BSbOTMouISiFGYWUsavWQcajmqmwDbzwZ0FXXNKm8aJcU8jHajfO3KmrO2pyDn7K9vftb74X62RYbzXzIVOMwTNPz+KM0kxof3QaFsY4Ch7jjBuhNuV8itmGEcXbcmFEPw++S8536oG29XgdKdyeDaMY4qskFWyTgKySw7JMamROuHkltyTJ/Ls3XkP3ov3+mkd8YY9y+QHvPcPMqOmNw==</latexit>

linear momentum



Linear vs. Angular Momentum

v(t)
<latexit sha1_base64="bLZqa+NXB6LKGoeYydBkEnj+hHg=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMeAF48R8oJkDbOT2WTI7IOZ3khY8h9ePCji1X/x5t84m+xBEwsGiqpuuqa8WAqNtv1tra1vbG5tF3aKu3v7B4elo+OWjhLFeJNFMlIdj2ouRcibKFDyTqw4DTzJ2974LvPbE660iMIGTmPuBnQYCl8wikZ67AUUR56fTmYVvCD9Utmu2nOQVeLkpAw56v3SV28QsSTgITJJte46doxuShUKJvms2Es0jykb0yHvGhrSgGs3naeekXOjDIgfKfNCJHP190ZKA62ngWcms5R62cvE/7xugv6tm4owTpCHbHHITyTBiGQVkIFQnKGcGkKZEiYrYSOqKENTVNGU4Cx/eZW0LqvOVdV5uC7XGnkdBTiFM6iAAzdQg3uoQxMYKHiGV3iznqwX6936WIyuWfnOCfyB9fkDAjOSPA==</latexit>

ẋ(t)
<latexit sha1_base64="b1Xg7fCORbEd/ugFZqebs3vzgCU=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZFXRZcOOyQl/QlpJJM21oJjMkd8Q6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce5OT40WCa3Ccb6uwsrq2vlHcLG1t7+zu2fsHLR3GirImDUWoOh7RTHDJmsBBsE6kGAk8wdre5Cbz2/dMaR7KBkwj1g/ISHKfUwJGGthHvWEISS8gMPb85CFNK3CGB3bZqToz4GXi5qSMctQH9pe5hsYBk0AF0brrOhH0E6KAU8HSUi/WLCJ0Qkasa6gkAdP9ZJY+xadGGWI/VOZIwDP190ZCAq2ngWcms5h60cvE/7xuDP51P+EyioFJOn/IjwWGEGdV4CFXjIKYGkKo4iYrpmOiCAVTWMmU4C5+eZm0zqvuRdW9uyzXGnkdRXSMTlAFuegK1dAtqqMmougRPaNX9GY9WS/Wu/UxHy1Y+c4h+gPr8wd4wJVG</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

P(t) =

Z

⌦
[!]⇥ (x(t)� c(t)) + v(t) dm

<latexit sha1_base64="IjrvrOv8pxRuZzPGt5zuITY0a4c="></latexit>



Linear vs. Angular Momentum

v(t)
<latexit sha1_base64="bLZqa+NXB6LKGoeYydBkEnj+hHg=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMeAF48R8oJkDbOT2WTI7IOZ3khY8h9ePCji1X/x5t84m+xBEwsGiqpuuqa8WAqNtv1tra1vbG5tF3aKu3v7B4elo+OWjhLFeJNFMlIdj2ouRcibKFDyTqw4DTzJ2974LvPbE660iMIGTmPuBnQYCl8wikZ67AUUR56fTmYVvCD9Utmu2nOQVeLkpAw56v3SV28QsSTgITJJte46doxuShUKJvms2Es0jykb0yHvGhrSgGs3naeekXOjDIgfKfNCJHP190ZKA62ngWcms5R62cvE/7xugv6tm4owTpCHbHHITyTBiGQVkIFQnKGcGkKZEiYrYSOqKENTVNGU4Cx/eZW0LqvOVdV5uC7XGnkdBTiFM6iAAzdQg3uoQxMYKHiGV3iznqwX6936WIyuWfnOCfyB9fkDAjOSPA==</latexit>

ẋ(t)
<latexit sha1_base64="b1Xg7fCORbEd/ugFZqebs3vzgCU=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZFXRZcOOyQl/QlpJJM21oJjMkd8Q6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce5OT40WCa3Ccb6uwsrq2vlHcLG1t7+zu2fsHLR3GirImDUWoOh7RTHDJmsBBsE6kGAk8wdre5Cbz2/dMaR7KBkwj1g/ISHKfUwJGGthHvWEISS8gMPb85CFNK3CGB3bZqToz4GXi5qSMctQH9pe5hsYBk0AF0brrOhH0E6KAU8HSUi/WLCJ0Qkasa6gkAdP9ZJY+xadGGWI/VOZIwDP190ZCAq2ngWcms5h60cvE/7xuDP51P+EyioFJOn/IjwWGEGdV4CFXjIKYGkKo4iYrpmOiCAVTWMmU4C5+eZm0zqvuRdW9uyzXGnkdRXSMTlAFuegK1dAtqqMmougRPaNX9GY9WS/Wu/UxHy1Y+c4h+gPr8wd4wJVG</latexit>

dm
<latexit sha1_base64="nWsmsK8Uvf04VsOwqt+U5XbHlKA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6LHgxWOFfkkbymYzbZfubsLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63U1hb39jcKm6Xdnb39g/Kh0ctE6eaQZPFItadkBoQXEETOQroJBqoDAW0w/HtzG8/gjY8Vg2cJBBIOlR8wBlFKz30EJ4wi6ayX654VW8Od5X4OamQHPV++asXxSyVoJAJakzX9xIMMqqRMwHTUi81kFA2pkPoWqqoBBNk84On7plVIncQa1sK3bn6eyKj0piJDG2npDgyy95M/M/rpji4CTKukhRBscWiQSpcjN3Z927ENTAUE0so09ze6rIR1ZShzahkQ/CXX14lrYuqf1n1768qtUYeR5GckFNyTnxyTWrkjtRJkzAiyTN5JW+Odl6cd+dj0Vpw8plj8gfO5w9ccJDT</latexit>

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

P(t) = [!]⇥

✓Z

⌦
x(t)� c(t) dm

◆
+

✓Z

⌦
dm

◆
v(t)

<latexit sha1_base64="oXm/5gpfuyupMMT5tcsi+W42R/8="></latexit>

zero (CoM definition) mass
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v(t)
<latexit sha1_base64="bLZqa+NXB6LKGoeYydBkEnj+hHg=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMeAF48R8oJkDbOT2WTI7IOZ3khY8h9ePCji1X/x5t84m+xBEwsGiqpuuqa8WAqNtv1tra1vbG5tF3aKu3v7B4elo+OWjhLFeJNFMlIdj2ouRcibKFDyTqw4DTzJ2974LvPbE660iMIGTmPuBnQYCl8wikZ67AUUR56fTmYVvCD9Utmu2nOQVeLkpAw56v3SV28QsSTgITJJte46doxuShUKJvms2Es0jykb0yHvGhrSgGs3naeekXOjDIgfKfNCJHP190ZKA62ngWcms5R62cvE/7xugv6tm4owTpCHbHHITyTBiGQVkIFQnKGcGkKZEiYrYSOqKENTVNGU4Cx/eZW0LqvOVdV5uC7XGnkdBTiFM6iAAzdQg3uoQxMYKHiGV3iznqwX6936WIyuWfnOCfyB9fkDAjOSPA==</latexit>

P(t) = Mv(t)
<latexit sha1_base64="IoZHTty3iso277J6dT2jHhfYLWI=">AAACCXicbZDLSsNAFIZP6q3WW9Slm8Ei1E1JVNCNUHDjRqjQG7ShTKaTdujkwsykUEK3bnwVNy4UcesbuPNtnKRBtPWHgZ/vnMOc87sRZ1JZ1pdRWFldW98obpa2tnd298z9g5YMY0Fok4Q8FB0XS8pZQJuKKU47kaDYdzltu+ObtN6eUCFZGDTUNKKOj4cB8xjBSqO+iXo+ViPXS+qzijpF1+juh0wy0jfLVtXKhJaNnZsy5Kr3zc/eICSxTwNFOJaya1uRchIsFCOczkq9WNIIkzEe0q62AfapdJLskhk60WSAvFDoFyiU0d8TCfalnPqu7ky3lIu1FP5X68bKu3ISFkSxogGZf+TFHKkQpbGgAROUKD7VBhPB9K6IjLDAROnwSjoEe/HkZdM6q9rnVfv+olxr5HEU4QiOoQI2XEINbqEOTSDwAE/wAq/Go/FsvBnv89aCkc8cwh8ZH99gL5jm</latexit>

f(t) = Ma(t)
<latexit sha1_base64="aDbCNE0GpG811ILUr2meeE9lMrY=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFqJuSqKAboeDGjVChN2hLmUwn7dDJJMycCCV06cZXceNCEbc+gjvfxkkbQVt/GPj5zjnMOb8XCa7Bcb6s3NLyyupafr2wsbm1vWPv7jV0GCvK6jQUoWp5RDPBJasDB8FakWIk8ARreqPrtN68Z0rzUNZgHLFuQAaS+5wSMKhnH3YCAkPPT/xJCU7wFb7FP4SkpGcXnbIzFV40bmaKKFO1Z392+iGNAyaBCqJ123Ui6CZEAaeCTQqdWLOI0BEZsLaxkgRMd5PpIRN8bEgf+6EyTwKe0t8TCQm0Hgee6UyX1PO1FP5Xa8fgX3YTLqMYmKSzj/xYYAhxmgruc8UoiLExhCpudsV0SBShYLIrmBDc+ZMXTeO07J6V3bvzYqWWxZFHB+gIlZCLLlAF3aAqqiOKHtATekGv1qP1bL1Z77PWnJXN7KM/sj6+AQK+mL0=</latexit>

Newton’s 2nd Law

f(t)
<latexit sha1_base64="SvGIipkBUIZNAR80I/h6pxxGxmQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56f+vMqXg7KFbtmL0DWiZOTCuRoDMpf/WHEkoCHyCTVuufYMbopVSiY5PNSP9E8pmxCR7xnaEgDrt10EXpOLowyJH6kzAuRLNTfGykNtJ4FnpnMQupVLxP/83oJ+nduKsI4QR6y5SE/kQQjkjVAhkJxhnJmCGVKmKyEjamiDE1PJVOCs/rlddK+qjnXNefxplJv5nUU4QzOoQoO3EIdHqABLWDwBM/wCm/W1Hqx3q2P5WjByndO4Q+szx+PJ5IC</latexit>

force
M

<latexit sha1_base64="tbNmjjhVaM+FYf/L9uS80d+35WM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix48SK00C9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dtbWNza3tgs7xd29/YPD0tFxS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwbZpKgH9Gh5CFn1Fip/tAvld2KOwdZJV5OypCj1i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxripe/bpcbeRxFOAUzuACPLiBKtxDDZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPq3OM5g==</latexit>

f(t) = Ṗ(t)
<latexit sha1_base64="GbFbI1DfivatfF7MnUAOhHQhO4E=">AAACDHicbVDLSsNAFJ3UV62vqks3g0Wom5KooBuh4MZlhb6gDWUynbRDJ5MwcyOUkA9w46+4caGIWz/AnX/jpI2grQcGDueee+fe40WCa7DtL6uwsrq2vlHcLG1t7+zulfcP2jqMFWUtGopQdT2imeCStYCDYN1IMRJ4gnW8yU1W79wzpXkomzCNmBuQkeQ+pwSMNChX+gGBsecnflqFU3yN+8MQkh+xkWaqcdk1ewa8TJycVFCOxqD8aabQOGASqCBa9xw7AjchCjgVLC31Y80iQidkxHqGShIw7SazY1J8YpQh9kNlngQ8U393JCTQehp4xpltqRdrmfhfrReDf+UmXEYxMEnnH/mxwBDiLBk85IpREFNDCFXc7IrpmChCweRXMiE4iycvk/ZZzTmvOXcXlXozj6OIjtAxqiIHXaI6ukUN1EIUPaAn9IJerUfr2Xqz3ufWgpX3HKI/sD6+AQKzmwI=</latexit>

linear momentum is 
preserved if net force 

is zero
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⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

ẋ(t)� v(t)
<latexit sha1_base64="FcTDBfu/cwEIoTM8Reftsz1wZjE=">AAACDXicbVDLSgMxFM34rPU16tJNsAp1YZlRQZcFNy4r9AXtUDJppg3NPEjuFMvQH3Djr7hxoYhb9+78GzPTEbT1QODknHuTe48bCa7Asr6MpeWV1bX1wkZxc2t7Z9fc22+qMJaUNWgoQtl2iWKCB6wBHARrR5IR3xWs5Y5uUr81ZlLxMKjDJGKOTwYB9zgloKWeedzth5B0fQJD10vup9MynOIz/COMs3vPLFkVKwNeJHZOSihHrWd+6mdp7LMAqCBKdWwrAichEjgVbFrsxopFhI7IgHU0DYjPlJNk20zxiVb62AulPgHgTP3dkRBfqYnv6sp0SjXvpeJ/XicG79pJeBDFwAI6+8iLBYYQp9HgPpeMgphoQqjkelZMh0QSCjrAog7Bnl95kTTPK/ZFxb67LFXreRwFdIiOUBnZ6ApV0S2qoQai6AE9oRf0ajwaz8ab8T4rXTLyngP0B8bHN6yKm1Q=</latexit>

x(t)� c(t)
<latexit sha1_base64="WRaCrAFmcW1p6cd22zcLMk9mUio=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCXVhmVNBlwY3LCn1BW0omzbShmcyQZMQydOXGX3HjQhG3foM7/8ZMO4K2Hgice8695N7jRZwp7ThfVm5peWV1Lb9e2Njc2t6xd/caKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vRG16nfvKNSsVDU9Dii3QAPBPMZwdpIPfuwE2A99PzkflLSJ+gU/dQkrXt20Sk7U6BF4makCBmqPfuz0w9JHFChCcdKtV0n0t0ES80Ip5NCJ1Y0wmSEB7RtqMABVd1kesYEHRulj/xQmic0mqq/JxIcKDUOPNOZLqnmvVT8z2vH2r/qJkxEsaaCzD7yY450iNJMUJ9JSjQfG4KJZGZXRIZYYqJNcgUTgjt/8iJpnJXd87J7e1Gs1LI48nAAR1ACFy6hAjdQhToQeIAneIFX69F6tt6s91lrzspm9uEPrI9vCPGYQA==</latexit>

Lc(t) =

Z

⌦
(x(t)� c(t))⇥ (ẋ(t)� v(t)) dm

<latexit sha1_base64="rp/BoWeJrsIMcvqgxK2EUDse9F0="></latexit>

relative positions relative velocities

angular momentum
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⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

ẋ(t)� v(t)
<latexit sha1_base64="FcTDBfu/cwEIoTM8Reftsz1wZjE=">AAACDXicbVDLSgMxFM34rPU16tJNsAp1YZlRQZcFNy4r9AXtUDJppg3NPEjuFMvQH3Djr7hxoYhb9+78GzPTEbT1QODknHuTe48bCa7Asr6MpeWV1bX1wkZxc2t7Z9fc22+qMJaUNWgoQtl2iWKCB6wBHARrR5IR3xWs5Y5uUr81ZlLxMKjDJGKOTwYB9zgloKWeedzth5B0fQJD10vup9MynOIz/COMs3vPLFkVKwNeJHZOSihHrWd+6mdp7LMAqCBKdWwrAichEjgVbFrsxopFhI7IgHU0DYjPlJNk20zxiVb62AulPgHgTP3dkRBfqYnv6sp0SjXvpeJ/XicG79pJeBDFwAI6+8iLBYYQp9HgPpeMgphoQqjkelZMh0QSCjrAog7Bnl95kTTPK/ZFxb67LFXreRwFdIiOUBnZ6ApV0S2qoQai6AE9oRf0ajwaz8ab8T4rXTLyngP0B8bHN6yKm1Q=</latexit>

x(t)� c(t)
<latexit sha1_base64="WRaCrAFmcW1p6cd22zcLMk9mUio=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCXVhmVNBlwY3LCn1BW0omzbShmcyQZMQydOXGX3HjQhG3foM7/8ZMO4K2Hgice8695N7jRZwp7ThfVm5peWV1Lb9e2Njc2t6xd/caKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vRG16nfvKNSsVDU9Dii3QAPBPMZwdpIPfuwE2A99PzkflLSJ+gU/dQkrXt20Sk7U6BF4makCBmqPfuz0w9JHFChCcdKtV0n0t0ES80Ip5NCJ1Y0wmSEB7RtqMABVd1kesYEHRulj/xQmic0mqq/JxIcKDUOPNOZLqnmvVT8z2vH2r/qJkxEsaaCzD7yY450iNJMUJ9JSjQfG4KJZGZXRIZYYqJNcgUTgjt/8iJpnJXd87J7e1Gs1LI48nAAR1ACFy6hAjdQhToQeIAneIFX69F6tt6s91lrzspm9uEPrI9vCPGYQA==</latexit>

relative positions relative velocities

Lc(t) =

Z

⌦
(x(t)� c(t))⇥ !(t)⇥ (x(t)� c(t)) dm

<latexit sha1_base64="KZn0+7J9MO2fzlFS09QbNG7iNrU="></latexit>
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⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

ẋ(t)� v(t)
<latexit sha1_base64="FcTDBfu/cwEIoTM8Reftsz1wZjE=">AAACDXicbVDLSgMxFM34rPU16tJNsAp1YZlRQZcFNy4r9AXtUDJppg3NPEjuFMvQH3Djr7hxoYhb9+78GzPTEbT1QODknHuTe48bCa7Asr6MpeWV1bX1wkZxc2t7Z9fc22+qMJaUNWgoQtl2iWKCB6wBHARrR5IR3xWs5Y5uUr81ZlLxMKjDJGKOTwYB9zgloKWeedzth5B0fQJD10vup9MynOIz/COMs3vPLFkVKwNeJHZOSihHrWd+6mdp7LMAqCBKdWwrAichEjgVbFrsxopFhI7IgHU0DYjPlJNk20zxiVb62AulPgHgTP3dkRBfqYnv6sp0SjXvpeJ/XicG79pJeBDFwAI6+8iLBYYQp9HgPpeMgphoQqjkelZMh0QSCjrAog7Bnl95kTTPK/ZFxb67LFXreRwFdIiOUBnZ6ApV0S2qoQai6AE9oRf0ajwaz8ab8T4rXTLyngP0B8bHN6yKm1Q=</latexit>

x(t)� c(t)
<latexit sha1_base64="WRaCrAFmcW1p6cd22zcLMk9mUio=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCXVhmVNBlwY3LCn1BW0omzbShmcyQZMQydOXGX3HjQhG3foM7/8ZMO4K2Hgice8695N7jRZwp7ThfVm5peWV1Lb9e2Njc2t6xd/caKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vRG16nfvKNSsVDU9Dii3QAPBPMZwdpIPfuwE2A99PzkflLSJ+gU/dQkrXt20Sk7U6BF4makCBmqPfuz0w9JHFChCcdKtV0n0t0ES80Ip5NCJ1Y0wmSEB7RtqMABVd1kesYEHRulj/xQmic0mqq/JxIcKDUOPNOZLqnmvVT8z2vH2r/qJkxEsaaCzD7yY450iNJMUJ9JSjQfG4KJZGZXRIZYYqJNcgUTgjt/8iJpnJXd87J7e1Gs1LI48nAAR1ACFy6hAjdQhToQeIAneIFX69F6tt6s91lrzspm9uEPrI9vCPGYQA==</latexit>

Lc(t) = �
Z

⌦
(x(t)� c(t))⇥ (x(t)� c(t))⇥ !(t) dm

<latexit sha1_base64="BB15HFK8xHwImCmZyKgohe7gq20="></latexit>
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⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

ẋ(t)� v(t)
<latexit sha1_base64="FcTDBfu/cwEIoTM8Reftsz1wZjE=">AAACDXicbVDLSgMxFM34rPU16tJNsAp1YZlRQZcFNy4r9AXtUDJppg3NPEjuFMvQH3Djr7hxoYhb9+78GzPTEbT1QODknHuTe48bCa7Asr6MpeWV1bX1wkZxc2t7Z9fc22+qMJaUNWgoQtl2iWKCB6wBHARrR5IR3xWs5Y5uUr81ZlLxMKjDJGKOTwYB9zgloKWeedzth5B0fQJD10vup9MynOIz/COMs3vPLFkVKwNeJHZOSihHrWd+6mdp7LMAqCBKdWwrAichEjgVbFrsxopFhI7IgHU0DYjPlJNk20zxiVb62AulPgHgTP3dkRBfqYnv6sp0SjXvpeJ/XicG79pJeBDFwAI6+8iLBYYQp9HgPpeMgphoQqjkelZMh0QSCjrAog7Bnl95kTTPK/ZFxb67LFXreRwFdIiOUBnZ6ApV0S2qoQai6AE9oRf0ajwaz8ab8T4rXTLyngP0B8bHN6yKm1Q=</latexit>

x(t)� c(t)
<latexit sha1_base64="WRaCrAFmcW1p6cd22zcLMk9mUio=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCXVhmVNBlwY3LCn1BW0omzbShmcyQZMQydOXGX3HjQhG3foM7/8ZMO4K2Hgice8695N7jRZwp7ThfVm5peWV1Lb9e2Njc2t6xd/caKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vRG16nfvKNSsVDU9Dii3QAPBPMZwdpIPfuwE2A99PzkflLSJ+gU/dQkrXt20Sk7U6BF4makCBmqPfuz0w9JHFChCcdKtV0n0t0ES80Ip5NCJ1Y0wmSEB7RtqMABVd1kesYEHRulj/xQmic0mqq/JxIcKDUOPNOZLqnmvVT8z2vH2r/qJkxEsaaCzD7yY450iNJMUJ9JSjQfG4KJZGZXRIZYYqJNcgUTgjt/8iJpnJXd87J7e1Gs1LI48nAAR1ACFy6hAjdQhToQeIAneIFX69F6tt6s91lrzspm9uEPrI9vCPGYQA==</latexit>

Lc(t) =

✓Z

⌦
[x(t)� c(t)]T⇥[x(t)� c(t)]⇥ dm

◆
!(t)

<latexit sha1_base64="O/0Mfa+k/tn+IjVKGumGyYwRJRU="></latexit>



Linear vs. Angular Momentum

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

ẋ(t)� v(t)
<latexit sha1_base64="FcTDBfu/cwEIoTM8Reftsz1wZjE=">AAACDXicbVDLSgMxFM34rPU16tJNsAp1YZlRQZcFNy4r9AXtUDJppg3NPEjuFMvQH3Djr7hxoYhb9+78GzPTEbT1QODknHuTe48bCa7Asr6MpeWV1bX1wkZxc2t7Z9fc22+qMJaUNWgoQtl2iWKCB6wBHARrR5IR3xWs5Y5uUr81ZlLxMKjDJGKOTwYB9zgloKWeedzth5B0fQJD10vup9MynOIz/COMs3vPLFkVKwNeJHZOSihHrWd+6mdp7LMAqCBKdWwrAichEjgVbFrsxopFhI7IgHU0DYjPlJNk20zxiVb62AulPgHgTP3dkRBfqYnv6sp0SjXvpeJ/XicG79pJeBDFwAI6+8iLBYYQp9HgPpeMgphoQqjkelZMh0QSCjrAog7Bnl95kTTPK/ZFxb67LFXreRwFdIiOUBnZ6ApV0S2qoQai6AE9oRf0ajwaz8ab8T4rXTLyngP0B8bHN6yKm1Q=</latexit>

x(t)� c(t)
<latexit sha1_base64="WRaCrAFmcW1p6cd22zcLMk9mUio=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCXVhmVNBlwY3LCn1BW0omzbShmcyQZMQydOXGX3HjQhG3foM7/8ZMO4K2Hgice8695N7jRZwp7ThfVm5peWV1Lb9e2Njc2t6xd/caKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vRG16nfvKNSsVDU9Dii3QAPBPMZwdpIPfuwE2A99PzkflLSJ+gU/dQkrXt20Sk7U6BF4makCBmqPfuz0w9JHFChCcdKtV0n0t0ES80Ip5NCJ1Y0wmSEB7RtqMABVd1kesYEHRulj/xQmic0mqq/JxIcKDUOPNOZLqnmvVT8z2vH2r/qJkxEsaaCzD7yY450iNJMUJ9JSjQfG4KJZGZXRIZYYqJNcgUTgjt/8iJpnJXd87J7e1Gs1LI48nAAR1ACFy6hAjdQhToQeIAneIFX69F6tt6s91lrzspm9uEPrI9vCPGYQA==</latexit>

Lc(t) = R(t)IrbR(t)T!(t)
<latexit sha1_base64="hvRsEYeASa+WNkvLocwPuRAYOQs="></latexit>



Linear vs. Angular Momentum

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

Lc(t) = Ic(t)!(t)
<latexit sha1_base64="pMuqpESCXq6ftrOmppCOsAgOkww=">AAACN3icbVDLSsNAFJ3UV62vqEs3g0Wom5KooBuh4EZBpEJf0IQymU7aoZNMmJkIJeSv3Pgb7nTjQhG3/oGTNgVtvTDM4Zx7ueceL2JUKst6MQpLyyura8X10sbm1vaOubvXkjwWmDQxZ1x0PCQJoyFpKqoY6USCoMBjpO2NrjK9/UCEpDxsqHFE3AANQupTjJSmeuadEyA19PzkNu0lM4zTtKKO4SWcETeLouNx1pfjQH+JwwMyQBndM8tW1ZoUXAR2Dsogr3rPfHb6HMcBCRVmSMqubUXKTZBQFDOSlpxYkgjhERqQroYhCoh0k8ndKTzSTB/6XOgXKjhhf08kKJCZRd2ZmZfzWkb+p3Vj5V+4CQ2jWJEQTxf5MYOKwyxE2KeCYMXGGiAsqPYK8RAJhJWOuqRDsOdPXgStk6p9WrXvz8q1Rh5HERyAQ1ABNjgHNXAN6qAJMHgEr+AdfBhPxpvxaXxNWwtGPrMP/pTx/QPm8q3J</latexit>

ẋ(t)� v(t)
<latexit sha1_base64="FcTDBfu/cwEIoTM8Reftsz1wZjE=">AAACDXicbVDLSgMxFM34rPU16tJNsAp1YZlRQZcFNy4r9AXtUDJppg3NPEjuFMvQH3Djr7hxoYhb9+78GzPTEbT1QODknHuTe48bCa7Asr6MpeWV1bX1wkZxc2t7Z9fc22+qMJaUNWgoQtl2iWKCB6wBHARrR5IR3xWs5Y5uUr81ZlLxMKjDJGKOTwYB9zgloKWeedzth5B0fQJD10vup9MynOIz/COMs3vPLFkVKwNeJHZOSihHrWd+6mdp7LMAqCBKdWwrAichEjgVbFrsxopFhI7IgHU0DYjPlJNk20zxiVb62AulPgHgTP3dkRBfqYnv6sp0SjXvpeJ/XicG79pJeBDFwAI6+8iLBYYQp9HgPpeMgphoQqjkelZMh0QSCjrAog7Bnl95kTTPK/ZFxb67LFXreRwFdIiOUBnZ6ApV0S2qoQai6AE9oRf0ajwaz8ab8T4rXTLyngP0B8bHN6yKm1Q=</latexit>

x(t)� c(t)
<latexit sha1_base64="WRaCrAFmcW1p6cd22zcLMk9mUio=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCXVhmVNBlwY3LCn1BW0omzbShmcyQZMQydOXGX3HjQhG3foM7/8ZMO4K2Hgice8695N7jRZwp7ThfVm5peWV1Lb9e2Njc2t6xd/caKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vRG16nfvKNSsVDU9Dii3QAPBPMZwdpIPfuwE2A99PzkflLSJ+gU/dQkrXt20Sk7U6BF4makCBmqPfuz0w9JHFChCcdKtV0n0t0ES80Ip5NCJ1Y0wmSEB7RtqMABVd1kesYEHRulj/xQmic0mqq/JxIcKDUOPNOZLqnmvVT8z2vH2r/qJkxEsaaCzD7yY450iNJMUJ9JSjQfG4KJZGZXRIZYYqJNcgUTgjt/8iJpnJXd87J7e1Gs1LI48nAAR1ACFy6hAjdQhToQeIAneIFX69F6tt6s91lrzspm9uEPrI9vCPGYQA==</latexit>



Linear vs. Angular Momentum

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

Lc(t) = Ic(t)!(t)
<latexit sha1_base64="pMuqpESCXq6ftrOmppCOsAgOkww=">AAACN3icbVDLSsNAFJ3UV62vqEs3g0Wom5KooBuh4EZBpEJf0IQymU7aoZNMmJkIJeSv3Pgb7nTjQhG3/oGTNgVtvTDM4Zx7ueceL2JUKst6MQpLyyura8X10sbm1vaOubvXkjwWmDQxZ1x0PCQJoyFpKqoY6USCoMBjpO2NrjK9/UCEpDxsqHFE3AANQupTjJSmeuadEyA19PzkNu0lM4zTtKKO4SWcETeLouNx1pfjQH+JwwMyQBndM8tW1ZoUXAR2Dsogr3rPfHb6HMcBCRVmSMqubUXKTZBQFDOSlpxYkgjhERqQroYhCoh0k8ndKTzSTB/6XOgXKjhhf08kKJCZRd2ZmZfzWkb+p3Vj5V+4CQ2jWJEQTxf5MYOKwyxE2KeCYMXGGiAsqPYK8RAJhJWOuqRDsOdPXgStk6p9WrXvz8q1Rh5HERyAQ1ABNjgHNXAN6qAJMHgEr+AdfBhPxpvxaXxNWwtGPrMP/pTx/QPm8q3J</latexit>

⌧ c(t) = L̇c(t)
<latexit sha1_base64="acgo24qwjFuKsBjN5PVI4pjsj2Y=">AAACLXicbVDLSgMxFM3UV62vUZdugkWomzKjgm6Egi5cuKjQF3SGkkkzbWjmQXJHKMP8kBt/RQQXFXHrb5hpi2jrhZDDOfcm9xwvFlyBZU2Mwsrq2vpGcbO0tb2zu2fuH7RUlEjKmjQSkex4RDHBQ9YEDoJ1YslI4AnW9kY3ud5+ZFLxKGzAOGZuQAYh9zkloKmeeet4keircaCv1AGSZL3UCQgMPT+lWVaBU3yNnX4EP+x9ttTSM8tW1ZoWXgb2HJTRvOo981U/SZOAhUAFUaprWzG4KZHAqWBZyUkUiwkdkQHrahiSgCk3nbrN8Ilm+tiPpD4h4Cn7eyIlgcoN6c58S7Wo5eR/WjcB/8pNeRgnwEI6+8hPBIYI59HhPpeMghhrQKjkeldMh0QSCjrgkg7BXrS8DFpnVfu8aj9clGuNeRxFdISOUQXZ6BLV0B2qoyai6Am9oAl6N56NN+PD+Jy1Foz5zCH6U8bXN8VWqk0=</latexit>

angular momentum 
is preserved if net 

torque is zero

Ic(t)!̇(t) = Lc(t)⇥ !(t) + ⌧ c(t)
<latexit sha1_base64="uQ+iyWuE7q0RSp6smEgf7opyaDc="></latexit>

angular acceleration
moment of inertia

f(t)
<latexit sha1_base64="SvGIipkBUIZNAR80I/h6pxxGxmQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56f+vMqXg7KFbtmL0DWiZOTCuRoDMpf/WHEkoCHyCTVuufYMbopVSiY5PNSP9E8pmxCR7xnaEgDrt10EXpOLowyJH6kzAuRLNTfGykNtJ4FnpnMQupVLxP/83oJ+nduKsI4QR6y5SE/kQQjkjVAhkJxhnJmCGVKmKyEjamiDE1PJVOCs/rlddK+qjnXNefxplJv5nUU4QzOoQoO3EIdHqABLWDwBM/wCm/W1Hqx3q2P5WjByndO4Q+szx+PJ5IC</latexit>

force torque
⌧ c(t)

<latexit sha1_base64="xStfsT6t0BHuQWLi1SiKs6KPQVY=">AAACCnicbVDLSsNAFJ34rPUVdekmWoS6KYkKuiy4cVmhL2hCmEwn7dBJJszcCCVk7cZfceNCEbd+gTv/xkmbhbZeGOZwzr3cc0+QcKbAtr+NldW19Y3NylZ1e2d3b988OOwqkUpCO0RwIfsBVpSzmHaAAaf9RFIcBZz2gsltofceqFRMxG2YJtSL8ChmISMYNOWbJ24g+FBNI/1lLuA09zM3wjAOwozkeR3OfbNmN+xZWcvAKUENldXyzS93KEga0RgIx0oNHDsBL8MSGOE0r7qpogkmEzyiAw1jHFHlZbNTcutMM0MrFFK/GKwZ+3siw5Eq3OrOwqVa1AryP22QQnjjZSxOUqAxmS8KU26BsIpcrCGTlACfaoCJZNqrRcZYYgI6vaoOwVk8eRl0LxrOZcO5v6o122UcFXSMTlEdOegaNdEdaqEOIugRPaNX9GY8GS/Gu/Exb10xypkj9KeMzx+V/5uA</latexit>



Equations of Motion

⌦
<latexit sha1_base64="v83rXk14vh9Qd2idnjyl2ML+yXE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF29GyAuSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKdmwk4SGAg8lixnB1kmt3r2gQ9wvV/yqPwdaJUFOKpCj3i9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfFNmDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGl9Xg4apSa+RxFOEETuEcAriGGtxBHZpA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPZZePEA==</latexit>

f(t)
<latexit sha1_base64="SvGIipkBUIZNAR80I/h6pxxGxmQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvHiMkBckS5idzCZDZh/O9AbCku/w4kERr36MN//G2WQPmlgwUFR10zXlxVJotO1vq7CxubW9U9wt7e0fHB6Vj0/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT+8zvTLnSIgqbOIu5G9BRKHzBKBrJ7QcUx56f+vMqXg7KFbtmL0DWiZOTCuRoDMpf/WHEkoCHyCTVuufYMbopVSiY5PNSP9E8pmxCR7xnaEgDrt10EXpOLowyJH6kzAuRLNTfGykNtJ4FnpnMQupVLxP/83oJ+nduKsI4QR6y5SE/kQQjkjVAhkJxhnJmCGVKmKyEjamiDE1PJVOCs/rlddK+qjnXNefxplJv5nUU4QzOoQoO3EIdHqABLWDwBM/wCm/W1Hqx3q2P5WjByndO4Q+szx+PJ5IC</latexit>

force torque
⌧ c(t)

<latexit sha1_base64="xStfsT6t0BHuQWLi1SiKs6KPQVY=">AAACCnicbVDLSsNAFJ34rPUVdekmWoS6KYkKuiy4cVmhL2hCmEwn7dBJJszcCCVk7cZfceNCEbd+gTv/xkmbhbZeGOZwzr3cc0+QcKbAtr+NldW19Y3NylZ1e2d3b988OOwqkUpCO0RwIfsBVpSzmHaAAaf9RFIcBZz2gsltofceqFRMxG2YJtSL8ChmISMYNOWbJ24g+FBNI/1lLuA09zM3wjAOwozkeR3OfbNmN+xZWcvAKUENldXyzS93KEga0RgIx0oNHDsBL8MSGOE0r7qpogkmEzyiAw1jHFHlZbNTcutMM0MrFFK/GKwZ+3siw5Eq3OrOwqVa1AryP22QQnjjZSxOUqAxmS8KU26BsIpcrCGTlACfaoCJZNqrRcZYYgI6vaoOwVk8eRl0LxrOZcO5v6o122UcFXSMTlEdOegaNdEdaqEOIugRPaNX9GY8GS/Gu/Exb10xypkj9KeMzx+V/5uA</latexit>


ME3⇥3

Ic(t)

� 
c̈
!̇

�
=


f(t)

Lc(t)⇥ !(t) + ⌧ c(t)

�

<latexit sha1_base64="2LquGi3Ljat9DyhKJSB8HarwvNU="></latexit>

generalized mass generalized acceleration generalized force



Agenda

• Coordinate Frames / Motion of a Point

• Mass Properties (Mass, Center of Mass, Moment of Inertia)

• Linear vs. Angular Motion / Momentum

• Equations of Motion

• Optimizing Mass Distribution

• Motivation
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Ic
• Moment of Inertia

- spinning axis || dominant axis 
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Measuring Spin Quality

Center of Mass Moment of Inertia
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Top Energy

Center of Mass Moment of Inertia

subject to

�c �I

"✓
Ia
Ic

◆2

+

✓
Ib
Ic

◆2
#

(lM)2minimize +

c 2 spin. axis Ic || spin. axis

c I

✓
I2a + I2b

I2c

◆

<latexit sha1_base64="gfsc00yVMD7Jy8D6DJhi2g6aW50="></latexit>
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at c

<latexit sha1_base64="f/5INetCE/EJ18DoRIjQ1Ryttdg=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQFXRbcuKzQF7ahTKaTduhkEmZuhBL6F25cKOLWv3Hn3zhps9DWAwOHc+5lzj1BIoVB1/121tY3Nre2Szvl3b39g8PK0XHbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5y/3OE9dGxKqJ04T7ER0pEQpG0UqP/YjiOAgzNhtUqm7NnYOsEq8gVSjQGFS++sOYpRFXyCQ1pue5CfoZ1SiY5LNyPzU8oWxCR7xnqaIRN342Tzwj51YZkjDW9ikkc/X3RkYjY6ZRYCfzhGbZy8X/vF6K4a2fCZWkyBVbfBSmkmBM8vPJUGjOUE4toUwLm5WwMdWUoS2pbEvwlk9eJe3LmndV8x6uq/VmUUcJTuEMLsCDG6jDPTSgBQwUPMMrvDnGeXHenY/F6JpT7JzAHzifP+O2kRw=</latexit>

world frame

+M
�
ccT � cT cE3⇥3

�
<latexit sha1_base64="svnm904AhSIueAmbV1T9PU3wvmk="></latexit>

c =
1

M
[0, 0, sz]

T

<latexit sha1_base64="WZhCS9CUiue5nd8ja8s0KJgxw0s=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISVRQTdCwY0boUJf0MQwmU7aoZNJmJkINeQP3Pgrblwo4tatO//GSZuFth5m4HDOvdx7jx8zKpVlfRulhcWl5ZXyamVtfWNzy9zeacsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH13lfueeCEkj3lTjmLghGnAaUIyUljzz0AmRGvpBijN4CZ1AIJzaWXqTwZ51DPWT3oN71/TMqlWzJoDzxC5IFRRoeOaX049wEhKuMENS9mwrVm6KhKKYkaziJJLECI/QgPQ05Sgk0k0n92TwQCt9GERCf67gRP3dkaJQynHo68p8eznr5eJ/Xi9RwYWbUh4ninA8HRQkDKoI5uHAPhUEKzbWBGFB9a4QD5HOROkIKzoEe/bkedI+qdmnNfv2rFpvFnGUwR7YB0fABuegDq5BA7QABo/gGbyCN+PJeDHejY9packoenbBHxifP4JQmxY=</latexit>
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2

4
sy2 + sz2 �sxy
�sxy sx2 + sz2
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3

5

<latexit sha1_base64="0h8M9+/lPdqtdlKQqEjNgk4tJU4="></latexit>
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Ic =

2

4
sy2 + sz2 �sxy
�sxy sx2 + sz2

Ic

3

5

<latexit sha1_base64="0h8M9+/lPdqtdlKQqEjNgk4tJU4="></latexit>

world frame

I2a + I2b = tr(I
2
) = (sy2 + sz2)2 + 2s2xy + (sx2 + sz2)2

<latexit sha1_base64="n8hhyzdv3V1K3YTks789U3KfWT4="></latexit>

I
<latexit sha1_base64="3/uvmumSQzG2OIuD5EeTx7mSjQQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyHpK3ZXcKO7Cn1BE8pkOmmHTh7MTIQSAv6KGxeKuPU73Pk3TtoKKnpg4HDOvdwzx4sZFdI0P7TC2vrG5lZxu7Szu7d/oB8e9USUcEy6OGIRH3hIEEZD0pVUMjKIOUGBx0jfm13lfv+OcEGjsCPnMXEDNAmpTzGSShrpJ06k7Hw7dQIkp56f3mTZSC+bRrXWsCwbmkbNbjaspiK2WanU69AyzAXKYIX2SH93xhFOAhJKzJAQQ8uMpZsiLilmJCs5iSAxwjM0IUNFQxQQ4aaL+Bk8V8oY+hFXL5RwoX7fSFEgxDzw1GQeUfz2cvEvb5hI/9JNaRgnkoR4echPGJQRzLuAY8oJlmyuCMKcqqwQTxFHWKrGSqqEr5/C/0mvYlhVw7qtlVudVR1FcArOwAWwgA1a4Bq0QRdgkIIH8ASetXvtUXvRXpejBW21cwx+QHv7BKq6lqg=</latexit>
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Ic

◆2

+

✓
Ib
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◆2
#

(lM)2minimize +

c I

"
(sy2 + sz2)2 + 2s2xy + (sx2 + sz2)2

(sx2 + sy2)2

#

<latexit sha1_base64="/iifdtK6UFoax827HXidDPKzI0w="></latexit>

sz
<latexit sha1_base64="xNnAyvLrFmHoKGE2qEuRVETmdSQ=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GqazjbkFvHiMmJhAMoSeTk/SpGehu0eIIZ/gxYMiXv0ib/6NnUVQ0QcFj/eqqKrnJ4Ir7TgfVmZtfWNzK7ud29nd2z/IHx7dqjiVlLVoLGLZ8YligkespbkWrJNIRkJfsLY/vpz77TsmFY+jpp4kzAvJMOIBp0Qb6Ub17/v5gmOXylWMXeTYZbdWxTVDXKdYrFQQtp0FCrBCo59/7w1imoYs0lQQpbrYSbQ3JVJzKtgs10sVSwgdkyHrGhqRkClvujh1hs6MMkBBLE1FGi3U7xNTEio1CX3TGRI9Ur+9ufiX1011cOFNeZSkmkV0uShIBdIxmv+NBlwyqsXEEEIlN7ciOiKSUG3SyZkQvj5F/5Pboo1LNr4uF+rNVRxZOIFTOAcMLtThChrQAgpDeIAneLaE9Wi9WK/L1oy1mjmGH7DePgHrc45I</latexit>

sxz = 0
<latexit sha1_base64="uq9QsLp7I1EfZvsVXgh5AMkE01I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ6avsQuh4MZlhb6wHUomzbShmcyQZMQ69C/cuFDErX/jzr8xfQgqeuDC4Zx7ufceP+ZMaYQ+rJXVtfWNzcxWdntnd28/d3DYUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vpz57VsqFYtEQ09i6oV4KFjACNZGulH99O5+Ci8g6ufyyC6WKo7jQmSX3GrFqRriokKhXIaOjebIgyXq/dx7bxCRJKRCE46V6joo1l6KpWaE02m2lygaYzLGQ9o1VOCQKi+dXzyFp0YZwCCSpoSGc/X7RIpDpSahbzpDrEfqtzcT//K6iQ7OvZSJONFUkMWiIOFQR3D2PhwwSYnmE0MwkczcCskIS0y0CSlrQvj6FP5PWgXbKdrOdSlfayzjyIBjcALOgANcUANXoA6agAABHsATeLaU9Wi9WK+L1hVrOXMEfsB6+wQzb5Cr</latexit>

syz = 0
<latexit sha1_base64="lTYysrFde5PWQ4amAIJFnwbLRYY=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GiZ9jV0IBTcuK/SF7VAyaaYNzWSGJCPUoX/hxoUibv0bd/6N6UNQ0QMXDufcy733+DFnSjvOh5VZW9/Y3Mpu53Z29/YP8odHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k6u537mjUrFINPU0pl6IR4IFjGBtpFs1SKf3M3gJnUG+4NilchUhFzp22a1VUc0Q1ykWKxWIbGeBAlihMci/94cRSUIqNOFYqR5yYu2lWGpGOJ3l+omiMSYTPKI9QwUOqfLSxcUzeGaUIQwiaUpouFC/T6Q4VGoa+qYzxHqsfntz8S+vl+jgwkuZiBNNBVkuChIOdQTn78Mhk5RoPjUEE8nMrZCMscREm5ByJoSvT+H/pF20UclGN+VCvbmKIwtOwCk4Bwi4oA6uQQO0AAECPIAn8Gwp69F6sV6XrRlrNXMMfsB6+wQ0+ZCs</latexit>

sx = 0
<latexit sha1_base64="UAqy8+cgxrq4nvl2fKfbpKHSOvc=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GpK+xi6EghuXFVpbaIeSSTNtaCYzJBmxlH6EGxeKuPV73Pk3pg9BRQ9cOJxzL/feEySCa4PQh5NZW9/Y3Mpu53Z29/YP8odHtzpOFWUtGotYdQKimeCStQw3gnUSxUgUCNYOxldzv33HlOaxbJpJwvyIDCUPOSXGSm3dv4eXEPXzBeSWylWMPYjcsler4polHioWKxWIXbRAAazQ6Offe4OYphGThgqidRejxPhTogyngs1yvVSzhNAxGbKupZJETPvTxbkzeGaVAQxjZUsauFC/T0xJpPUkCmxnRMxI//bm4l9eNzXhhT/lMkkNk3S5KEwFNDGc/w4HXDFqxMQSQhW3t0I6IopQYxPK2RC+PoX/k9uii0suvikX6s1VHFlwAk7BOcDAA3VwDRqgBSgYgwfwBJ6dxHl0XpzXZWvGWc0cgx9w3j4BiIuPGw==</latexit>

sy = 0
<latexit sha1_base64="+C8LqMH8M+IND7jMoXyFe0Exz88=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GiZ9jV0IBTcuK/QF7VAyaaYNzWSGJCMMQz/CjQtF3Po97vwb04egogcuHM65l3vv8WPOlHacDyu3sbm1vZPfLeztHxweFY9PuipKJKEdEvFI9n2sKGeCdjTTnPZjSXHoc9rzZzcLv3dPpWKRaOs0pl6IJ4IFjGBtpJ4apfAaOqNiybEr1TpCLnTsqtuoo4YhrlMu12oQ2c4SJbBGa1R8H44jkoRUaMKxUgPkxNrLsNSMcDovDBNFY0xmeEIHhgocUuVly3Pn8MIoYxhE0pTQcKl+n8hwqFQa+qYzxHqqfnsL8S9vkOjgysuYiBNNBVktChIOdQQXv8Mxk5RonhqCiWTmVkimWGKiTUIFE8LXp/B/0i3bqGKju2qp2V7HkQdn4BxcAgRc0AS3oAU6gIAZeABP4NmKrUfrxXpdteas9cwp+AHr7ROKE48c</latexit>
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