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Dynamic Balancing: Challenges
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Dynamic Balancing: Challenges

center of
mass
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Dynamic Balancing: Challenges

moment of

Inertia
center of

Mass
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Coordinate Frames
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" local or body
— coordinate frame

N\

global or world
coordinate frame
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Coordinate Frames
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Coordinate Frames
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Motion of a Point
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Motion of a Point
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Motion of a Point
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Motion of a Point

- X(t)
-
L'y (t)ux i
& vra’; (t) .......
=
" -
I
" R(t) = [r2(t), 1y (1), (1)
rotation from body to world coordinates
ETH:zurich



Motion of a Point
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Motion of a Point

2
............ #e(t)
L
s x(t) = II{(t>xrb + (1)
pOSItion orientation
of boady
ETH:zurich

position
of body



Motion of a Point

velocity

ETH:zurich

X(t) = R(t)%ep, + (1)

| |

1st time derivative 7st time derivative
of orientation of position



Motion of a Point

acceleration

ETH:zurich

%(t) = R(t)xe, + &(t)

| |

2nd time derivative 2nd time derivative
of orientation of position



Mass Properties: Mass

‘\dm
o
()

density

Ll

iINfinitesimal INnfinitesimal

mass volume
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Mass Properties: Mass

* Independent of coordinate frame

e Invariant under translations / rotations
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Mass Properties: Center of Mass

. Xrb
: T dm
el
()
| definition
|, X dm B Jo X pdV l 0
fQ dm M
mass weighted
average
ETHzurich
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Mass Properties: Center of Mass

X(1)

..--""\dm
Y
()
N
|, x(t) dm _ | R(t)xy1, + c(t) dm
fQ dm M
mass weighted
average
ETHzurich



Mass Properties: Center of Mass

,.v‘v\ dm
o
()
fQ x(t) dm fﬂ X1, dm

|, dm = R() ( M

mass weighted
average
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Mass Properties: Center of Mass

,.v"\ dm
o
()
fQ x(t) dm _ R(t) fQ Xyrp A +c(t) fQ dm
|, dm M M
maf\/;vrgg:ted zero by I)’eﬁn/t/on mass dividedTby mass
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Mass Properties: Center of Mass

X(1)

-""\dm
./V

o, x(%) dm

fQ dm

mass weighted
average
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Mass Properties: Center of Mass

e nvariant under rotations

* |gnore angular motion if only interested in motion of center of mass
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Mass Properties: Moment of Inertia

X(1)

T ~dm
IR T
0O x(1)
ey
y2 + 27 — XY — X2
I(t) = / —xy Tt +2° —yz
{2 — T2 —yz  x®Fy°

omitting time dependence
ETH:zurich
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Skew-Symmetric Matrix Operator

- O _a/Z CI/y
axb=|alxb aly = a., 0 —ay
Cross matrix-vector Skew-symmetric
product product Mmatrix operator lements
of vector %
A — ay
i
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axb=|a|xb

a+b

Skew-Symmetric Matrix Operator

a

:a: X

x T

Eiq 3 identity matrix
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Mass Properties: Moment of Inertia

X(1)

T ~dm
IR T
0O x(1)
ey
y2 + 27 — XY — X2
I(t) = / —xy Tt +2° —yz
{2 — T2 —yz  x®Fy°

omitting time dependence
ETH:zurich
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Mass Properties: Moment of Inertia

X(1)

..--""\dm
| >
()
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Mass Properties: Moment of Inertia

X(1)

I(t) =

ETH:zurich

account for

(2

./V

changes In orientation

(rotations)
/ /

OLLR(t)"

Irb:/:
(2

Xrb

account for

changes In position

/

c(t

(translations)

J o

constant!



Mass Properties: Moment of Inertia
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Mass Properties: Moment of Inertia

X(1)

0 o
L o ~dm
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Mass Properties: Moment of Inertia

* depends on orientation (rotations) and positions (translations)
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Mass Properties: Moment of Inertia

x(t) — c(t)

2

\ frame with same
orientation as world

frame but centered at C

I.(t) = R(OLLR(t)"

subscript C

ETH-zurich %ios:\\ep Research



Mass Properties: Moment of Inertia

SQ(p) — |91y5xy9yyOzySxys SyzySxzy Sx2 5y27 Sz2
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Mass Properties: Moment of Inertia

sa(p) = |

ETH:zurich

S1ySxySyySzySwy) Syzy Swzs Sx2) Sy2,y 522

Mass M — 81

moment of
iInertia

center of

Mass

14
1| o
C = Vi Sy
Sz
_Sa?y —Szxz
S,p2 + S,2 —Sy2
—Sy2 Sx2 T Sy2
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Homework: Moment of Inertia of Triangulated Solids

idea: use Divergence theorem to
recast volume as surface integrals

Supplemental Material for ”Spin-It: Optimizing Moment of Inertia for Spinnable Objects” Supplemental Material for ”Spin-It: Optimizing Moment of Inertia for Spinnable Objects”

Mass Properties of Triangulated Solids and Their Derivatives

Moritz Bicher Emily Whiting Bernd Bickel Olga Sorkine-Hornung Algorithm 1 Mass properties of a triangulated solid
Disney Research Zurich ETH Zurich Disney Research Zurich ETH Zurich Sa = O10
foralli € 7 do
u=(b—a)
Abstract If 89 consists of a union of consistently oriented triangles 7", our v=(c—a)
integrals can be split into a sum of integrals over the individual faces n=uxv
This supplemental material describes the computation of mass hj=a+b+c

properties of triangulated solids and their derivatives w.r.t. surface
vertices. We start by briefly reviewing the volume integrals for
mass, center of mass, and moment of inertia. Thereafter, we re-
duce the volume to surface integrals using the Divergence theorem,
resulting in analytical expressions for a volume bounded by a tri-
angulated surface. We then discuss derivatives of these analytical
surface integrals w.r.t. vertices. We provide pseudo code for both
mass properties and their derivatives for the reader’s convenience.
The resulting routines serve as fundamental building blocks for op-
timizing moment of inertia for spinnable objects.

1 Mass Properties

For a model M, the mass properties are mass M, center of mass c,
and the 3 x 3 symmetric moment of inertia tensor I. Assume that the
surface of M encloses a region 2 € R that corresponds to a solid
object with constant density p. We express the above quantities by
collecting the monomials ¢ of degree < 2 in the 10-vector

'.=[1|.t y z|.zy yz .zzlz2 y2 22],
then taking the integrals over €2:
T
sa(p) = [s1,5z, 8y, Sz, Szy, Sy=, 822,8,2,8,2,8.2],

where s: =p/ tdV, e.g., szy =p/:cde.
] Q

We obtain the following expressions for the mass and center of
mass:

1
M =sy and ¢ = H[s,,sy.sz]T,

and M s inertia tensor:

8,2+ 8.2 —Szy —8zz
I= —Szy s:2 + 82 —8yz .
—8zz —8yz 8.2 + 8,2

2 From Volume to Surface Integrals

Next, we reduce the volume to surface integrals. To this end, we
identify a vector field 7" for each component £ in the 10-vector t s.t.
V - T = t, resulting in

|2 0 o= o o] 0 o
T=|ol0 % o0 %= 0|0 £ o
ojo o =]o o0 =|o0o o

We can then apply the Divergence Theorem to reduce our volume
integrals sq over the region (2 to surface integrals over 92

sh(p) =p/nth=pLVTTdV=p/annTTdS

with the unit normal n at point [, y, 2]”.

sa(p) = Y si withs; = p/TTﬂi ds
=3 i
with the unit triangle normals n;. In the following, we are omitting
the triangle index i.

Because T has a single non-zero component 7" per column, the
remaining integrals are of the form ey - n [T dS where e is a
column of the unit matrix E = [e., e, e:] and k denoting the row
index of the non-zero T'.

If we assume consistently oriented triangles whose vertices a,
b, and c are ordered counterclockwise, the set of triangle points
[J:, Y, z]T is

a+au+ fv

with limits o, 3 € [0, 1] and  + 3 < 1, and the face normal n and
surface element dS are

UXV and [u x vidads,
luxv|

respectively, where u = b — a and v = ¢ — a denote the two
triangle side vectors. With the above parameterization, our surface
integrals become ex - n fol fnl_a T'do df where n denotes the un-
normalized normal u x v and T is expressed with the two triangle
parameters o and 3.

By calculating the analytical integrals (see, e.g., [Eberly 2003]),
we can derive Alg. 1 (see next page) where * denotes component-
wise multiplication, += and == addition and multiplication as-
signment, respectively, and v equals [vy,v=,v:]" for a vector
V = [vz, v, v:]". Further, 010 denotes the zero 10-vector.

3 Taking Derivatives

For the derivatives w.r.t. the column vector V collecting all n sur-
face vertices (Alg. 2), we also define the operators [v]x (conversion
to skew-symmetric matrix) and [v],:

0 —v: vy 0 w». 0
[v]x = v 0 —ve |, [V]‘ = 0 0 v |.
—vy Uz 0 . 0 0

We use d;,v to refer to the diagonal of the derivative %"',—‘ and H;

to refer to matrix [h;,h;, h;]. Because djo = dyp = dyjc =
[1,1,1]" and dy o = hs, dap = hs, dsec = hs, we directly
use the respective right-hand sides in Alg. 2. Further, we use curly
brackets to group similar expressions. E.g., we group expressions
bckts o roug s xpssigns E'. we growp presion
adds the 3 x 3 block A to the rows corresponding to w and columns
corresponding to the global indices of vertex v. Ojox s, denotes
the zero matrix with 10 rows and 3n columns.

W
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hy =a*a+b=+(a+b)
hs=ha+c+ht
hy=a+a*a+bs+hy+c+hs
hs =hg+a=*(hy+a)
he =hs +b=(hi+b)
h; =hg+c+(h; +¢)
hs=a+hs +bshs +c+hr
sy +=e; - (n+hy)
[sz,8y,s:] +=mn+hg
Szy,Syz,Szz] +=N=*hs
8:2,8,2,8:2 +=n=hy

end for

81 t=‘é

[z, 59, 5:] += 3

1
Sy, Sys, 8zz) ¥= 35
[s:2,8,2,8.2] += si_o
Sn *=p

Algorithm 2 Mass property derivatives of a triangulated solid

252 — O1oxsn

foralli € T do
)+ [ufl, 8 = VT, 2 = [u]x
dsa =2a+b+c, dyp =a+2b+c, dsc=a+b+2c
dsa = 6a+2b+2c
de,b =2a+6b+2¢c
d; . =2a+2b+6¢c
d5,b =dea=2a+2b+c
dsc—dsg =2a+b+2c
dge=drp=a+2b+2c
dsa=a+dsa+bsdsp+Cxdse
dsp=a+dga+b+dsp +C+dse
dgc=a*dra+bxdrp+Cxdre

B{Z.Bb,c) +=ef (D(::,c) Hi + diag(n))

Gezogere] 4 on HT 4 diag(n+{ds,a, ds,p,dsc})

Olozyseyzivzzl 4 OHT 4 diag(n +ds,a) + [nhs],
Blezy.ruzanzzl | SnHT 4 diag(n +ds,p) + [nhe],
Olezy.oyz.ozz] 4 SuHT | diag(n +ds.c) + [nhs],
Bs,2,5.2,5 2] = -B'nyc HY + diag(n + {hs, he, hr})

a,
end for
Bay 1
IV <3
o[.,.,, el i
Olszy.oyz.oxz] . 1

EAY = 120
Ol=z2.52.5:0]
— N *= &
osg
v

o

=p

http://www.baecher.info/publications/spin_it_sup_mat_sig14.pdf
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Mass Properties: Moment of Inertia

Sy2 + S.2

Sx2 T Sy2 body frame
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Mass Properties: Moment of Inertia
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Mass Properties: Moment of Inertia

SyQ _I_ 822 _Sajy
IC — _Sajy S.’I;Q _I_ 522

frame centered

/ at C
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Mass Properties: Moment of Inertia

world frame

/

SyQ _|_ 822 _Sajy
_Sajy SCUQ _I_ 522

L

frame centered
I/ C at C
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Mass Properties: Moment of Inertia

world frame

/

SyQ _|_ 822 _Sajy
IC — _Sajy S./I;Q _l_ 522

frame centered
I/ C at C
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Linear vs. Angular Motion

e Inear motion: motion of center of mass

“oarticle” whose mass
IS concentrated at the
center of mass
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| inear vs. Angular Motion

e Inear motion: motion of center of mass

* angular motion: motion of points about center of mass

x(t) —c(t)

2
......... \ motion of points
o w.r.t. center of mass

ETH-zurich %iosc\\ep Research



Linear vs. Angular Motion

s Tc(t) = (x(t) — c()) x £(2)

torque

force f (t)

* change ot linear motion

torque T ¢ (75) * change ot angular motion

ETH-zurich %fsNEP Researc



Linear vs. Angular Motion

2nd order ODE 1st order ODE

AN

iINntroduce auxiliary

Newton’s 2nd Law

£(t) = Ma(t) W &

ETHziirich variable (velocity) vy Researc



| inear vs. Angular Motion

2
..... v
/ X(t) — Cﬁt) — ?(t)xrb
position position orientation
of body  of body
ETHzurich



| inear vs. Angular Motion

orientation change

iy / over time"

%(t) — v(t) = R(t)Xm

7 RN

velocity velocity of 1st time derivative

center of mass of orientation
E'" Z U I I C h %ioscx\e;o Research

................... v (f) How does the



| inear vs. Angular Motion

ETH:zurich

/

/

T (1), 1y(t),r2(t)

columns: axes

oy, (f) anqgular velocity

- vector quantity (translation-invariant)

- direction: axis body Is spinning about

- magnitude: how fast body is spinning

about axis [rads/s]

%iosc\\ep Research



| inear vs. Angular Motion

oy, (f) anqgular velocity
- vector quantity (translation-invariant)

- direction: axis body Is spinning about

- magnitude: how fast body is spinning
about axis [rads/s]

o v
R(t) = [i (1), 1 (1), £ (1)) o £(2) = w(t) x x(t)

columns: “velocities” of axes

ETH-zurich %iosc\\b‘p Research



Angular Velocity

ETH:zurich

anqgular velocity

\

radius of circle Davey Research



| inear vs. Angular Motion

/ oy, (f) anqgular velocity
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| inear vs. Angular Motion
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/ oy, (f) anqgular velocity




| inear vs. Angular Motion

ETH:zurich

/ oy, (f) anqgular velocity




| inear vs. Angular Motion

(1) = (1)
R\
,,,,,, wl
................ V(t)
[op
X(t) — v(l) = [w]xR(t)xmp = |[w]x (x() — c(1))
N/ N/
velocity position
relative to CoM relative to CoM

ETH-zurich %iosc\\ep Research



P (1)

ETH:zurich

/ X(f) dm linear momentum
()
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B (/ (1) — e(t) dm
0

zero (CoM definition)



Linear vs. Angular Momentum

P(t) = Mv(t) ap f(t) - P(t) W f(t) = Ma(t)

linear momentum IS
preserved If net force

ETH:-urich IS ZEI0 %iosmsp Research



L inear vs. Angular Momentum
x(t) — v(t)
X(t) — C(t) /?\A
o
()

angular momentum

Le(t) = / ((t) ) x (1(0) (6

relative positions relative velocities
ETHzurich



L inear vs. Angular Momentum
x(t) — v(t)
X(t) — C(t) /?\A
o
()

Lc(t) = /Q (x(2) T_ c(t)) x w(t) XT (x(t) —c(t)) dm

relative positions relative velocities

ETH-zurich %iosc\\e;o Researc



L inear vs. Angular Momentum

x(t) —v(t)

X(t) — C(t) /':‘\x
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L inear vs. Angular Momentum

x(t) —v(t)

X(t) — C(t) /':‘\x
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L inear vs. Angular Momentum
x(t) — v(t)
X(t) — C(t) /'f“x
o
()

ETH:zurich



L inear vs. Angular Momentum

(1)~ (1)
X(t) — C(t) /5 "
o

ETH:zurich



L inear vs. Angular Momentum

f(t) \ Tc(t)

force c torque
anqgular acceleration
moment of inertia §) /

7 I.(t)w(t) =

4

Le(t) = Le(t)w(?) * Tc() ? Le(t)

angular momentum
IS preserved If net

Le(t) X w(t) + 7(t)

ETHziirich lorque is zero Planep Researc



Equations of Motion

()
—
M E 3% 3 C B f (t)
I.(%) w | | Le(t) X w(t) + 7(t)
1 ! !
generalized mass generalized acceleration generalized force
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Agenda

* Motivation

» Coordinate Frames / Motion of a Point

* Mass Properties (Mass, Center of Mass, Moment of Inertia)
* Linear vs. Angular Motion / Momentum

* Equations of Motion

* Optimizing Mass Distribution
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Measuring Spin Quality

* Center of mass
- ONn spinning axis
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Measuring Spin Quality

* Center of mass
- ONn spinning axis

lever arm

applied force

ETH:zurich
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Measuring Spin Quality

* Center of mass
- ONn spinning axis

ETH:zurich
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Measuring Spin Quality

* Center of mass
- ONn spinning axis

ETH:zurich
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Measuring Spin Quality

e Center of mass

- on spinning axis 4_9\‘

7| = [(sinbfMg

4

lever arm

ETH:zurich
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Measuring Spin Quality

e Center of mass

- on spinning axis *9\‘

7| = [(sinbfMg

4

applied force

ETH:zurich
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Measuring Spin Quality

e Center of mass

- on spinning axis *9\‘

7| = [(sinbfMg

ETH:zurich
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Measuring Spin Quality

e Center of mass

- on spinning axis *9\‘

- reduce mass /\/

7| = [(sinbfMg

t

ETH:zurich

F@fsne;o Research



Measuring Spin Quality

e Center of mass

- on spinning axis *9\‘

- reduce mass /\/

7| = [(sinbfMg

ETH:zurich

F@fsne;o Research



Measuring Spin Quality

e Center of mass

- on spinning axis 4—9\‘

- reduce mass /\'/
- minimize height |/

7| = [(sinbfMg

ETH:zurich

F@fsne;o Research



Measuring Spin Quality

* Moment of Inertia
- Spinning axis || principal axis
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Measuring Spin Quality

* Moment of Inertia
- Spinning axis || principal axis

Min. Axis - Mid. Axis Max. Axis

ETH-zurich %ioso\\ep Research



Measuring Spin Quality

* Moment of Inertia S
- spinning axis || principal axis g
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Measuring Spin Quality

* Moment of Inertia
- Spinning axis || principal axis

Min. Axis Mid. Axis | Max. Axis

“ =l 1 = 1.

ETH-zurich %ioso\\a"o Research



Measuring Spin Quality

* Moment of Inertia
- Spinning axis || principal axis
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Measuring Spin Quality

* Moment of Inertia
- Spinning axis || principal axis

ETHzurich Disnzp Research



Measuring Spin Quality

* Moment of Inertia
- Spinning axis || principal axis

t

ETH-zurich %fsc\\ep Research



Measuring Spin Quality

* Moment of Inertia
- spinning axis || dominant axis /.

t

Le

ETH-zurich %fsc\\ep Research



Measuring Spin Quality

* Moment of Inertia
- spinning axis || dominant axis /.

llllllllllllllllllllllllllllllllllllllllllllllllll
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Measuring Spin Quality

* Moment of Inertia
- spinning axis || dominant axis /.
- minimize ratios

> I, 4=
I. 1.

~—d
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Measuring Spin Quality

* Moment of Inertia
- spinning axis || dominant axis /.

- minimize ratios

1, 1p
I. 1.

ETH-zurich F@fs:\\e;o Research



Measuring Spin Quality

Center of Mass C Moment of Inertia |
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Measuring Spin Quality

Center of Mass C Moment of Inertia |

(IM)? (?)2 + (?)2
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Measuring Spin Quality

Center of Mass C Moment of Inertia |

(i) + (&)

minimize  Ye (IM)* + 7

ETHzurich Dfsnzp Researc



Measuring Spin Quality

Center of Mass C Moment of Inertia |

() + (&)

minimize  Ye (IM)* + 7

ETH:zurich



Top Energy

Center of Mass C Moment of Inertia |

I% 4+ I7
minimize  Ye (IM)* + T ( - 72 & )
subject to ¢ € spin. axis I. || spin. axis

ETH-zurich %fst\\ep Research



Recap: Moment of Inertia

world frame

/

SyQ _I_ 822 _Sajy
IC — _Sajy S./I;Q _l_ 522

frame centered
I/ C at C
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Recap: Moment of Inertia

world frame

ETHzurich Dfsnzp Researc



Top Energy

Center of Mass C Moment of Inertia |
... ) _(syz + 5,2)% + 253@ + (Sy2 + 3Z2)2_
minimize  Ye( Sz )° + M | T )

subject to s, =0 s, =0 Spr =0 Sy, =10

ETH-zurich ®?§NEP Research



Optimizing Top Energy
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Optimizing Top Energy




Optimizing Top Energy

output iInput unknown

Q—Q (2




Optimizing Top Energy



Optimizing Top Energy

/0/ v = /0/ av- _ /0/ %
Q—Q Q2 Q



Optimizing Top Energy




Optimizing Top Energy

iInput unknown

(2




Optimizing Top Energy

boundary interior unknown

()

--------------




Optimizing Top Energy

Interior unknown

a




Optimizing Top Energy

boundary




Optimizing Top Energy

spinning
axis



Optimizing Top Energy

boundary




Optimizing Top Energy
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