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Questions

If you have questions about the assignment:

moritzge@inf.ethz.ch
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Overview

Today:

Review relevant theory
Optimization: gradient descent (Ex 1.1) and Newton’s method (Ex.
1.3)
Mass-Spring system: point masses and springs (Ex 1.2 & 1.4)
Introduction to the code

Next Friday:

FEM: deformation gradient, Neo-hookean material model
Introduction to Automatic/Symbolic Differentiation
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Optimization: Gradient Descent

Task: find minimizer x* of function E (),

x* = argmin, E(x) > E(x*) <E(x)Vx

In general:
e E(x) is a nonlinear function
e E(x) is multivariate, i.e., x € R™ withn > 2

* E(x) may have local minima and maxima (numerical artifacts or
expected behavior of physical system)?
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Optimization: Gradient Descent

Given a point Xy how do we get to a minimum?
* “Walk” into a direction that decreases E (x)

* Which direction would you choose?

Xn+1 = Xp — @ VE(xn)
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Optimization: Gradient Descent

Taylor-Series expansion of

f(x) = f(x0) + Vf(xo) ' dx + %dXVQf(XU)dX + ..

O(||ax|[*)
f(x) = f(x0) = Vf(x0)" dx

wantthisto < ()
be = dx = —V f(xg)
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Optimization: Line Search

How far in the direction of the gradient
should we go?

— Line search

Zo o+ 0.5 -dx
xo + 0.25 - dx ° To + dw

CRL § 7 ETH:lirich



Optimization: Gradient Descent + Line Search

Algorithm: line_search

Input: x,dx, a, f

while E(x — a * dx) > E(x) do
a=axp;

end do;

Input: x,dx, a, B, €

while abs(VE (x)) > ¢ do
dy =VE();
a = line_search(x, dx, a, B);
% = % —ade

end do;
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dx

0<pf<1

#

current state
search direction
initial step length
scaling factor
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Optimization: Newton's Method

Taylor-Series expansion of the gradient

Vix)=Vf(zy)+ Vf(x0) dx+ =
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Optimization: Newton's Method

Taylor-Series expansion of

f(x) ~ f(xg) + Vf(xg) dx + %dXVQf(XQ)dX + ...

|

Van(.) =0

CRL

V2 f(x0)" dx = =V f(x0)
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O(|ldx||")
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Optimization:

Algorithm: steepest descent
Input: x,a, [, €
while abs(VE (x)) > € do
dx = =VE(x);
a = line_search(x,dx,a,f);
x = x+ adx;

end do;

CRL

Newton’'s Method

Algorithm: newton

Input: x,a, [, €

while abs(VE (x)) > € do
dx = —V2E~1(x) * VE(x);
a = line_search(x, dx, a, B);
x = x + adx;

end do;
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Mass-Spring System

«—]—> < l >
* 1 mass point, 1 spring l—’VWWV\-l |_/VVVVVV\_»fext
Tl -72 X1 Xy

Deformation Measure Elastic Energy Forces
[ ’ . 1 7] JE(x )
E=—— = —KE& T
L 2 fint 0x
Working it out... f 0E (x4, x5) J0E(x4,x,) 0l
L =" -~
[ = lel, = (eTe)? 0x1 . al dxq ¥, =
with e = x2 - x1 al - kS .
fi=
g _( i )—" a(e e)
axl axl
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CRL

Mass-Spring System

Non-zero Length Spring

/8 /8

oF oF 1 uu £ uu
=— =—k| —+—| [ ——
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Ox, Ox Lu'u |ul uu
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Mass-Spring System

Straightforward concept: sample object
with mass points, connect them with
springs...

Representation: 2D triangle mesh (or 3D
tetrahedral mesh, of course)

* Vertices x; € R?

* Edges E;; are springs connecting
['JWW\MN\_' J vertices X; and X;
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Code Structure: Optimization

ObjectiveFunction
- computes energy,
gradient and hessian of
objective function f(x)

GradientDescent-

FunctionMinimizer
finds minimum of
ObjectiveFunction

- j

T~

[ Rosenbrock

} [ TotalEnergyfunction ]
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.

NewtonFunction-
Minimizer
finds minimum of
ObjectiveFunction

-
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Code Structure: Simulation

ObiectiveFunction  l-ceooeooooo . GradientDescent- NewtonFunction-
FunctionMinimizer Minimizer
TotalEnergyFunction
vector<Element*> / \
SimulationMesh* S SimulationMesh
- computes total energy, - uses GD or NM to
gradient and hessian minimize
\_ J TotalEnergyFunction,

external forces and

’1
; constraints

- generates
Element springs/FEM elements
- connects a number of from triangle mesh

nodes
- computes energy, k j

gradient and hessian
J

/ AN

[ Spring } [FEMEIement}

CRL # 16 ETHziirich



Next Week

Exercise 2
FEM
Automatic Differentiation
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