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Fig. 1. Flexible scaled sheets offer a unique and intriguing combination of strength and flexibility. a: Bending-induced contact between scales leads to distinct
behavior for positive (top) and negative (bottom) curvatures. b: our homogenization approach enables us to capture the macro-mechanical curvature response
of arbitrary scale patterns.

We present a computational approach for modeling the mechanical behavior
of flexible scaled sheet materials—3D-printed hard scales embedded in a soft
substrate. Balancing strength and flexibility, these structured materials find
applications in protective gear, soft robotics, and 3D-printed fashion. To
unlock their full potential, however, we must unravel the complex relation
between scale pattern and mechanical properties. To address this problem,
we propose a contact-aware homogenization approach that distills native-
level simulation data into a novel macromechanical model. This macro-model
combines piecewise-quadratic uniaxial fits with polar interpolation using
circular harmonics, allowing for efficient simulation of large-scale patterns.
We apply our approach to explore the space of isohedral scale patterns,
revealing a diverse range of anisotropic and nonlinear material behaviors.
Through an extensive set of experiments, we show that ourmodels reproduce
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various scale-level effects while offering good qualitative agreement with
physical prototypes on the macro-level.
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1 INTRODUCTION
Dense arrays of rigid scales embedded in soft skin protect animals
from predator teeth. From turtles to turbots and from aligators to
armadillos—scale shape, size, and arrangement combine to provide
an ideal balance between rigidity and flexibility. Scaled animal skins
have inspired manifold applications, including protective gear, skins
for soft robots, and 3D-printed fashion. To unlock the full potential
of synthetic scaled materials , however, we must understand how
scale shape and arrangement mediate macro-mechanical behavior.

In this work, we systematically explore the mechanical behavior
of scaled sheet materials—3D-printed hard scales embedded in a
soft substrate. We focus on scale patterns defined through isohedral
tilings [Kaplan and Salesin 2000; Schumacher et al. 2018], giving
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rise to a large and diverse space of patterns. The curvature response
of these patterns is highly complex: the bi-material distribution
induced by the scale pattern leads to large directional variations in
bending stiffness; larger curvatures induce contact between scales,
which rapidly increases stiffness; and structural asymmetry through
the thickness leads to distinct bending responses for positive and
negative curvatures. Each of these effects depends in nontrivial
ways on scale shape and arrangement, making it challenging to
predict the mechanical properties of a given pattern.
To address this problem, we propose a computational approach

for modeling the mechanical behavior of scaled sheet materials. The
basis for our method is formed by an accurate native-scale simula-
tion model that combines soft shell elements with hard volumetric
scales and penalty-based contact. To probe the mechanical behavior
of arbitrary patterns in simulation, we develop a uni-axial bend-
ing test with tailored periodic boundary conditions that generate
desired curvatures without hampering in-plane deformations. We
use the data obtained from these experiments to construct a novel
homogenized energy model that combines piecewise-quadratic
uniaxial fits with polar interpolation based on circular harmonics.
We further demonstrate that this homogenized energy can be com-
bined with standard shell models to enable efficient simulation of
large-scale patterns.
To validate our simulation models, we perform an extensive ex-

perimental analysis. In particular, we verify that scale-level effects
are faithfully reproduced by our native-scale model. We further
measure the macro-level bending resistance of 3D-printed proto-
types using a dedicated testing device. The results indicate good
qualitative agreement between simulations and measurements.

2 RELATED WORK
Metamaterial Design. Through precisely architected microstruc-

tures, flexible metamaterials can achieve a broad range of macrome-
chanical properties [Bertoldi et al. 2017]. Fueled by the increasing
availability of 3D printing technology, the graphics community has
started to embrace the problem of generating 3D-printable content
such as models optimized for stability [Lu et al. 2014; Stava et al.
2012; Zhou et al. 2013], mechanical assemblies [Ceylan et al. 2013;
Coros et al. 2013; Thomaszewski et al. 2014; Zhu et al. 2012], or
characters that can be posed and deformed in desired ways [Bächer
et al. 2012; Skouras et al. 2013]. One particular line of research in this
context investigates the creation of 3D-printable metamaterials. The
spectrum includes layered materials fabricated with multi-material
printers [Bickel et al. 2010], materials with lattice- [Panetta et al.
2017, 2015], voxel- [Schumacher et al. 2015; Zhu et al. 2017], and
foam-like [Martínez et al. 2016, 2017] structures, as well as (ex-
truded) planar microstructures [Li et al. 2023; Tozoni et al. 2020;
Zhang et al. 2023] and sheet-like materials [Leimer and Musialski
2020; Martínez et al. 2019; Montes et al. 2023; Schumacher et al.
2018] . While these previous works have explored many aspects of
mechanical metamaterials, they all focus on elastic behavior. In con-
trast, we investigate a new class of metamaterials whosemacro-scale
behavior is regulated by internal contact, not elastic deformation.

Interlocking Materials & Structures. Using interlocking as a mech-
anism for creating stable assemblies is a concept that is used across

architecture, robotics, and material sciences. For example, inter-
locking can be used to build functional furniture without nails or
adhesives [Song et al. 2017; Yao et al. 2017], rigid assembly puzzles
[Song et al. 2012; Wang et al. 2018; Xin et al. 2011], and stable sur-
faces made from flexible [Skouras et al. 2015] or rigid [Wang et al.
2019] components. Depending on their shape, scales can likewise
show interlocking behavior, leading to complex coupling even for
opening curvatures. Even without an elastic medium, rigid elements
can still provide meaningful flexibility [Lensgraf et al. 2020]. In this
context, Tang et al. [2023] describe a framework for computational
modeling and mechanical characterization of materials made from
discrete interlocking elements. The macromechanical behavior of
these generalized chainmail materials is governed by anisotropic
deformation limits that arise due to contact between elements. The
materials that we study in this work are dominated by internal
contacts, but whereas discrete interlocking elements are purely
kinematic, our method accounts for the complex coupling between
quasi-rigid scales and the soft substrate in which they are embedded.
A material system similar to ours was employed by Guseinov et al.
[2017], who embed rigid prism elements with tailored geometry in
pre-stretched membranes. Whereas their goal is to achieve desired
deployed states upon release, we investigate the macro-mechanical
properties of scaled sheets.

Homogenization. Homogenization provides amathematical toolset
for characterizing the macromechanical properties of metamaterials
of structured materials [Bensoussan et al. 1978]. Most approaches
use the same discretization (e.g., solid finite elements) for both
native- and macro-level simulation [Kharevych et al. 2009; Panetta
et al. 2015; Schumacher et al. 2015]. However, there are also methods
that map between different computational models, for example from
elastic rods to thin plates [Schumacher et al. 2018] or thin shells
[Sperl et al. 2020], and from volumetric solids to rods [Rodriguez
et al. 2022] . Our method is likewise a cross-discretization approach,
but we map from a bi-material simulation with mixed solid and shell
elements to a pure thin shell model.

Scaled Materials. The mechanics of natural dermal armor have
been studied intensively using both experimental [Chen et al. 2011;
Martini et al. 2017; Rudykh et al. 2015; Yang et al. 2013] and compu-
tational [Shafiei et al. 2021; Vernerey et al. 2014] methods. Closest to
our work, Shafiei et al. [2022] study the mechanics of scale patterns
using a discrete element approach. While their focus is primarily
on puncture resistance, we characterize the anisotropic, nonlinear
bending stiffness induced by inter-scale contact. We furthermore
condense native-scale simulation data into a macro-mechanical that
enables rapid simulation of large-scale patterns.

3 COMPUTATIONAL MODELING OF SCALED SHEETS
Flexible scaled sheets exhibit complex mechanical behavior that we
aim to capture with our computational model. The bi-material distri-
bution induces anisotropy in bending even for small deformations.
Contact between scales leads to nonlinear stiffening. This effect is
typically more pronounced in the closing direction of the scales, but
can also occur for in the opposite, opening direction for non-convex
scale shapes. Finally, while scaled sheets are flexible and readily
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Fig. 2. Scale (left) and substrate (middle) meshes are generated from iso-
hedral tilings. To facilitate coupling, the substrate is meshed such as to
conform to the boundaries of the scale mesh (right).

permit uniaxial bending, they strongly resist bi-axial curvature. This
is explained by the fact that Gaussian curvature entails stretching of
the substrate, which—due to the stiff in-plane response of our scaled
sheets—is energetically prohibitive. We therefore focus on charac-
terizing the macro-mechanical bending response using dedicated
uniaxial bending tests (Sec. 3.2). The data obtained with these simu-
lation experiments is then used to construct a macro-mechanical
model (Sec. 3.3). We start by describing our native-scale simulation
model.

3.1 Native-Scale Simulation
Since scales will not deform noticeably during bending, we use a
coarse discretization with linear tetrahedron elements. To model
the compliant substrate we use discrete shell elements based on
per-triangle shape operators [Gingold et al. 2004; Grinspun et al.
2006] combined with constant strain triangles for in-plane deforma-
tions. We use a Neo-Hookean constitutive model for both substrate
and scale elements with material parameters chosen according to
manufacturer specifications (see Sec. 4).

Substrate-Scale Coupling. Substrate and scale meshes must be
coupled for simulation. To this end, we first generate a triangle mesh
for the substrate that conforms to the scale boundaries; see Fig. 2
for an illustration. Substrate nodes below scales are then eliminated
from the degrees of freedom and replaced by barycentric coordinates
to implement kinematic coupling. We denote the remaining degrees
of freedom as x and refer to substrate and scale elastic energies as
𝑊substrate and𝑊scales, respectively.

3.2 Homogenization
Parameterization. We probe the mechanical behavior of scaled

sheets using native-scale simulation with uniaxial bending condi-
tions. To impose these deformations on a unit cell, we start with a
standard thin shell parameterization,

x𝑖 = 𝜑 (𝑤𝑖1,𝑤𝑖2) +𝑤𝑖3n𝑖 (𝑤𝑖1,𝑤𝑖2) , (1)

that expresses world-space coordinates x𝑖 in terms of curvilinear
coordinates w𝑖 = (𝑤𝑖1,𝑤𝑖2,𝑤𝑖3)𝑇 along the midsurface 𝜑 and its
normal direction n(𝑤𝑖1,𝑤𝑖2), respectively; see Fig. 3.
We use this curvilinear-space representation for both rest and

deformed states. For the rest state, we define the parameterization
such that substrate vertices have zero normal coordinates, i.e., 𝑤̄𝑖3 =

0 ∀𝑖 . The rest state map is simply the identity, i.e., 𝜑 (·) = id(·)
and x̄𝑖 = w̄𝑖 . For the deformed state, we impose uniaxial states
of curvature directly on the map (1). For example, the midsurface
corresponding to cylindrical bending along the𝑦-axis takes the form

𝜙 (𝑤𝑖1,𝑤𝑖2) =
(
− 1
𝜅

sin(−𝜅𝑤𝑖1),𝑤𝑖2,−
1
𝜅

cos(−𝜅𝑤𝑖1)
)𝑇

, (2)

where 𝜅 is the macro-level curvature. This expression can be ex-
tended to allow for cylindrical bending in arbitrary directions through
simple coordinate transformations; see App. A.

The essence of this first-displace-then-map approach is to enable
unit cell nodes to adjust their curvilinear-space coordinates such
that the midsurface transformation (2) maps them into the ener-
getically optimal location (Fig. 3, bottom). For contrast, consider
the first-map-then-displace alternative where unit cell nodes are
endowed with world-space displacements. To enforce curvature
conditions on world-space configurations, we must first estimate
the macroscopic curvature from the deformed unit cell, then draw
it towards the desired direction and magnitude. Using our repre-
sentation, the curvature is given by construction and deviations
from it can be measured solely in terms of normal displacements𝑤3.
Our representation also facilitates the enforcement of periodicity
conditions as we explain next.

Periodic Boundary Conditions. To ensure a macroscopically con-
sistent state of deformation, the deformed unit cell must tile with
itself without gaps and overlaps. The representation described above
enables us to enforce these periodicity conditions conveniently in
curvilinear space as

𝑤𝑖
𝑘1 −𝑤

𝑗

𝑘1 = 𝑑
𝑖 𝑗

1 and 𝑤𝑖
𝑘2 −𝑤

𝑗

𝑘2 = 𝑑
𝑖 𝑗

2 , (3)

𝑤𝑖
𝑘3 = 𝑤

𝑗

𝑘3 , (4)

n𝑖
𝑓
= n𝑗

𝑓
. (5)

The first condition asks that all pairs of corresponding vertices
(w𝑖

𝑘
,w𝑗

𝑘
) on opposite patch boundaries (𝑖, 𝑗) ∈ {(1, 2), (3, 4)} must

Fig. 3. Mapping from curvilinear space (left) to world-space (right) as de-
scribed through Eq. (2). Top: a planar initial state leads to curved scales
and high elastic energy in world-space. Bottom: curvilinear coordinates are
optimized such as to minimize energy when mapped to world-space.
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have the same in-plane displacements (𝑑𝑖 𝑗1 , 𝑑
𝑖 𝑗

2 ) (see Fig. 3, top).
Condition (4) requires displacements in the normal direction to
be identical. Finally, expression (5) requires that curvilinear-space
normals n𝑓

𝑖
for corresponding boundary triangles (w𝑓

1 ,w
𝑓

2 ,w
𝑓

3 )
must match.

The unknown boundary displacements 𝑑𝑖 𝑗
𝑘

in (3) can be summa-
rized as a symmetric linear transformation F ∈ R2×2 that maps
undeformed to deformed curvilinear-space directions as

(𝑤 𝑗

𝑘1 −𝑤𝑖
𝑘1,𝑤

𝑗

𝑘2 −𝑤𝑖
𝑘2)

𝑇 = F(𝑤̄ 𝑗

𝑘1 − 𝑤̄𝑖
𝑘1, 𝑤̄

𝑗

𝑘2 − 𝑤̄𝑖
𝑘2)

𝑇 . (6)

The symmetry of F ensures that no net rotations are applied to the
unit cell during deformation.

Average Curvature. In addition to the above conditions, we must
ensure that the deformed unit cell exhibits the desired state of cur-
vature. With vanishing normal displacements, 𝑤𝑖3 = 𝑤̄𝑖3 = 0 ∀𝑖 ,
the unit cell would smoothly track the midsurface, which has the
desired curvature by construction. Due to the presence of stiff scales,
however, the sheet cannot bend in a smooth fashion. Instead, the
deformed sheet will assume an approximately piece-wise linear
shape—regions of the substrate below scales will remain straight
such that the remaining gaps will absorb all deformations. Since
constant curvature states cannot be obtained, we ask that the target
curvature should be matched in an average sense. Equivalently, de-
viations from the mid-surface must average out, i.e.,

∫
Ω𝑤3𝑑Ω = 0.

In the discrete setting, this constraint becomes e𝑇3 Mw = 0, where
M is the mass matrix of the substrate and e3 = (0, 0, 1, . . . , 0, 0, 1)𝑇 .

Contact. To properly model large bending deformations of the
unit cell, we must handle contact between the scales of the cell itself
as well as with its immediate neighbors. To this end, we use the In-
cremental Potential Contact approach by Li et al. [2020] to construct
𝐶2-continuous barrier functions for reliable contact handling. We
collect all intra- and inter-cell contacts in a penalty term𝑊contact
that is added to the potential energy of the unit cell.

Numerical Solution. For a given desired uniaxial curvature, we
obtain the deformed configuration of the unit cell as the solution to
the constrained optimization problem

argmin𝒘,F 𝑊substrate +𝑊scales +𝑊contact (7)
s.t. (3), (4), (5), (6),

and e𝑇3 Mw = 0 . (8)

We enforce the periodicity constraints (3—6) via variable substitu-
tion, whereas the curvature constraint (8) is handled using the Aug-
mented Lagrangian method (ALM)—see, e.g., [Nocedal and Wright
2006]. More specifically, we define the objective function for the 𝑖th
outer iteration as

L(𝜆𝑖 , 𝜌𝑖 ,w𝑖 ) = −𝜆𝒆𝑇3 𝑴𝒘𝑖 + 𝜌 (𝒆𝑇3 𝑴w𝑖 )2 , (9)

where 𝜆𝑖 is a Lagrange multiplier and 𝜌𝑖 is the constraint weight.
We solve each ALM sub-problem by minimizing L with respect to
(𝜆𝑖 ,w𝑖 ) using Newton’s method with diagonal damping and update
the Lagrange multiplier after each iteration. Since differentiating L
results in a dense Hessian, we use the Sherman-Morrison formula
to efficiently solve the corresponding linear systems.

3.3 Macro-Mechanical Model
To predict the behavior of scaled sheet materials on larger domains,
we develop a macromechanical model that captures the principal
characteristics in a computationally efficient way. In particular, we
aim to capture anisotropy in bending elasticity, asymmetric stiffen-
ing beyond direction-dependent curvature limits, and strong resis-
tance to bi-axial curvature. To account for these effects in a com-
putationally efficient way, we opt for discrete shell elements based
on a per-triangle discretization of the shape operator [Gingold et al.
2004]. These elements provide complete curvature information in
any direction, which is required to fit the highly anisotropic be-
havior of our scaled sheet materials. We complement the bending
elements with linear triangle finite elements for in-plane deforma-
tions combined with an orthotropic St. Venant-Kirchhoff material
[Pérez et al. 2017].

Unidirectional Model. From the native-scale simulations, we ob-
serve that the curvature-energy relationship for any given bending
direction exhibits two quasi-quadratic regimes before and after
contact. We also note that the flexural modulus (i.e., the bending
stiffness) of the post-contact regime is much larger compared to
the pre-contact regime. These observations suggest a piece-wise
quadratic energy model in which the bending moment𝑚(𝜅) is 𝐶0-
continuous with respect to the principal curvature 𝜅,

𝑚(𝜅) =
{
𝑎𝜅 𝜅 ≤ 𝜅0

𝑎𝜅0 + 𝑏 (𝜅 − 𝜅0) 𝜅 > 𝜅0
, (10)

where 𝑎 and 𝑏 are the stiffness coefficients for the pre-contact
and post-contact regimes, respectively, and 𝜅0 is the curvature at
which the material switches regimes. The directional bending en-
ergy 𝐸bending (𝜅) is then the integral of the moments𝑚(𝜅).

Polar Model. Due to the high anisotropy of scaled sheet materials,
the parameters 𝑎, 𝑏 and 𝜅0 depend on the direction of principal cur-
vature. To obtain a homogenized energy model that describes the
moment-curvature relation in any direction, we uniformly sample
directions and curvature magnitudes from the native-scale simu-
lation data. For each direction 𝜃𝑖 , we then find the corresponding
𝑎(𝜃𝑖 ), 𝑏 (𝜃𝑖 ) by fitting the energy function 𝐸 (𝜅) using native-scale
curvature and energy data. To obtain a directionally-continuous rep-
resentation of these unidirectional curves, we fit circular harmonics
functions of the form

𝑠 (𝜃 ) =
𝑛∑︁

𝑘=0
𝑐𝑘 · cos(2𝑘 · (𝜃 − 𝑑𝑘 )) , (11)

where 𝑛 is the number of harmonics terms and 𝑐𝑘 , 𝑑𝑘 are free pa-
rameters that are determined such as to minimize the deviation
from the unidirectional parameters in a least-squares sense. In this
way, we obtain three functions 𝑎(𝜃 ), 𝑏 (𝜃 ) and 𝜅̃0 (𝜃 ) that enable
us to evaluate the macromechanical bending energy for arbitrary
directions and curvatures. We use 𝑛 = 3 for 𝜅̃0 (𝜃 ) and 𝑏 (𝜃 ), and
𝑛 = 2 for 𝑎(𝜃 ) due to the lower directional variation of the initial
bending stiffness. The resulting fits for a selected scale pattern are
shown in Fig. 4.
To evaluate the macromechanical energy for a given bending

element, we must convert its curvature tensor 𝜿 = (𝜅𝑥𝑥 , 𝜅𝑦𝑦, 𝜅𝑥𝑦)𝑇
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Fig. 4. Macro-scale parameters 𝑎 (𝜃 ) , 𝑏 (𝜃 ) and contact curvature 𝜅0 (𝜃 ) for
a fitted circular harmonics (Eq. 11) are shown in orange. The blue dots in
the energy density-curvature plot are sample points from the native scale
simulation and the red line is the fitted piecewise-quadratic unidirectional
energy density (Integral of Eq. 10) with slopes 𝑎 and 𝑏 and regime switch
point 𝑘0.

into principal curvatures 𝜅1, 𝜅2 and corresponding directions 𝜃1, 𝜃2.
See App. B for details. The energy is then computed as

𝐸macro (𝜿) =
∑︁
𝑗=1,2

𝐸 (𝜅 𝑗 (𝜿);𝑎(𝜃 𝑗 (𝜿)), 𝑏 (𝜃 𝑗 (𝜿)), 𝜅̃0 (𝜃 𝑗 (𝜿))) . (12)

It is worth noting that we add contributions from both principal
curvature directions to avoid discrete selection operations. This
choice is justified by the strong resistance of scaled sheets to double
curvature, which we enforce with an additional penalty term,

𝐸biaxial =
1
2
𝑤biaxialdet(𝜿)2 , (13)

where𝑤biaxial is the penalty weight.

Discussion. It should be noted that, even though our macrome-
chanical model is based on piecewise quadratic energies, it is much
more expressive than conventional anisotropic plate models: in-
stead of fitting a single bending stiffness tensor that describes the
moment-curvature response for all directions, we fit uni-directional
parameters with a sampling interval of less than 2 degrees. This
allows for larger variability with respect to direction, which is espe-
cially important for the contact curvature. As can be seen from Fig.
12, our macromechanical model is able to qualitatively reproduce
the behavior of native-scale simulations. We further analyze the
quantitative performance of our model in Sec. 4.

4 RESULTS
We used our method to characterize a diverse set of scale patterns
from different isohedral tiling families. We analyze the mechanical
behavior of a representative set of patterns and compare simulation
results to experimental measurements. We furthermore evaluate
our macro-mechanical model through comparisons to native-scale

simulations. We start with a brief description of our manufacturing
and measurement processes.

4.1 Manufacturing and Measuring Physical Prototypes
To generate 3Dmeshes for simulation and fabrication, we first create
two-dimensional isohedral tessellations using the library Tactile1.
The space of isohedral tilings consists of 93 families, each with up
to 5 parameters that determine tile shape. From the 2D tessellation,
we extract the tile polygons and the parallelogram corresponding to
the periodic boundary. We then clip the polygons such as to obtain
a gap of constant width between each scale. See also Fig. 2. The
result of this operation is passed on to the Gmsh software in order
to generate two periodic meshes, one for the substrate and one for
the scales. Scale meshes are generated by extruding the resulting
polygons from the previous step.

Fabrication. We follow the same process to generate printable
scale meshes on rectangular domains of the desired size. The sub-
strate is extruded in the normal direction to obtain a volumetric
layer with given thickness. To ensure good adhesion between the
scales and their substrate, an interlocking groove pattern was added
at the based of each scale (see Fig. 5d). Finally, the scale mesh is cut
and processed such as to fit different measurement devices. For om-
nidirectional curvature tests, we cut the mesh into a disc shape using
boolean operations. For unidirectional force-displacement measure-
ments, the mesh is cut into a rectangle and hinges are added on both
sides. Rectangular and circular scale samples of 10cm length and
10cm radius, respectively, where fabricated using a Prusa𝑚𝑘3𝑠+ 3D
printer equipped with a 0.4mm nozzle (Fig. 5a). The layer thickness
was set to 0.1 mm, the number of perimeter tracks was set to 3 and
gyroid infill was used. A 0.4mm thick substrate made of NinjaFlex
TPU shore 85A was printed with 4mm tall PETG scales on top. This
combination of materials exhibits relatively good adhesion while
providing suitable stiffness properties.

For simulation, we used material parameters reported in the man-
ufacturer’s datasheet. For the substrate (TPU), we used a Young’s
modulus of 26MPa and 0.48 for the Poisson’s ratio. For the scales
(PETG), we used 2.02GPa for the Young’s modulus and 0.35 for the
Poisson’s ratio.

Measurement Setups. We use two experimental setups to measure
the mechanical behavior of our scaled sheets. The first one uses disc-
shaped samples of 10cm radius mounted onto a mandrel rotating
at a constant angular velocity of 4.5deg/s. A simple force probe
is used to impose constant displacement at the boundary of the
sample (see Fig. 6). A ball-bearing end-effector insures that the tool
exhibits minimal friction force as the sample rotates. Readings from
the force sensor are recorded continuously as the mandrel rotates,
leading to a quasi-continuous force-displacement plot. We repeat
measurements by doing 8 full rotations and plot the data for the last
6 ones.
Whereas the first setup measures a sample’s response for a con-

stant displacement in any direction, the second setup is used to char-
acterize the nonlinearity of the material as a function of curvature
for a given direction (see Figs. 10 and 11). We mount a rectangular

1See also https://isohedral.ca/software/tactile/
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b c

d e

0.1 m
m

a

Interlocking

mm PET 
TPU

0.4mm
design

Fig. 5. We manufacture prototypes using 3D printing (a). The gap between
scales (0.4mm) was controlled and straight edges with slightly rounded
corners were observed (b). Layers of 0.1mm were used to print both the TPU
substrate and the PET scales on top (c). An interlocking pattern was added
to enhance adhesion between substrate and scales (d). Scales were filled
using a gyroid pattern (e).

sample onto a linear stage using hinge joints. During the measure-
ments, the distance between the hinge joints is decreased such as
to impose an increasing curvature. The force required to maintain
this curvature is measured using a load cell and the corresponding
data is plotted.

4.2 Analysis and Exploration
We selected eight samples for our analysis to cover pattern sym-
metries from simple reflection to three-fold rotational, and scale
shapes ranging from quasi-isotropic to anisotropic and from convex
to concave shapes.

Contact-Induced Nonlinearity and Directional Variability. It can
be seen from Figs. 7 and 8 that the selected patterns exhibit diverse
and nonlinear moment-curvature responses. Even for small cur-
vatures without contact, we observe large variability in bending
stiffness within and across patterns, ranging from isotropic (Figs.
7a and 8g,h), to tetragonal (Fig. 7b), and to orthotropic (Figs. 7c,d
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Fig. 6. Experimental setup for omnidirectional measurement of force-
displacement response. Top: A disc-shaped sample is mounted onto a man-
drel rotating at constant speed. A force probe imposes constant displacement
at the boundary of the sample. Bottom: A 3D-printed solid disc is used for
calibration. Force is recorded for 6 consecutive revolutions.

and 8e,f ). It is furthermore evident that for larger curvatures, con-
tact between scales induces drastic changes. For all patterns, we
observe a significant increase in bending stiffness in the contact
regime. Furthermore, directional variation in the onset of contact
leads to complex behavior. As can be seen from Figs. 7b and 8f,
the directions of principal stiffness can change substantially due
to contact. Moreover, the moment-curvature profiles generally ex-
hibit more high-frequency features than at lower curvatures. One
example illustrating this effect is the structure shown in Figs. 7a and
8h, which—although initially isotropic—exhibits distinct stiffness
peaks at 60deg and 30deg angles, respectively, for larger curvatures.
Finally, we also observe transitions between symmetry classes, e.g.,
from quasi-isotropic to tetragonal (Fig. 8g). From these results, we
conclude that scaled sheet materials cover a wide range of com-
plex moment-curvature profiles, and that contact between scales
strongly influences this behavior.

To validate the results obtained through native-scale simulations,
we performed experimental characterizations using the setup de-
scribed in 4.1. It should be noted that the boundary conditions used
in the experimental setup are different from the constant curvature
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c

a

d

b

Curvature (𝑚𝑚!") 0.0122 0.0243 0.0323 0.0364

Curvature (𝑚𝑚!") 0.0122 0.0202 0.0283 0.0364

Curvature (𝑚𝑚!") 0.0064 0.0127 0.0158 0.0284

Curvature (𝑚𝑚!") 0.0048 0.0127 0.0158 0.0284

Fig. 7. Native-scale simulations, part 1. We show moment-curvature plots (columns 2-5) for increasing curvature values on a set of patterns (column 1).

conditions imposed in the corresponding simulations, such that
meaningful comparisons can only be made with respect to quali-
tative behavior. These limitations notwithstanding , it can be seen
from Fig. 9 that the experimental measurements for the post-contact
regime are generally in good qualitative agreement with the behav-
ior predicted in simulation. A slight exception to this rule is the

three-fold symmetric structure shown in Fig. 9h for which measure-
ments are not symmetric with respect to rotations by 180deg. This
unusual behavior is explained by the way in which samples are
mounted onto the mandrel, which immobilizes all scales adjacent
to the sample’s center. In combination with the fact that we only
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f

e

h

g

Curvature (𝑚𝑚!") 0.0064 0.0148 0.0253 0.0379

Curvature (𝑚𝑚!") 0.0092 0.0152 0.0212 0.0273

Curvature (𝑚𝑚!") 0.0040 0.0119 0.0158 0.0236

Curvature (𝑚𝑚!") 0.0092 0.0258 0.0273 0.0288

Fig. 8. Native-scale simulations, part 2. We show moment-curvature plots (columns 2-5) for increasing curvature values on a set of patterns (column 1).

impose curvature on one side at a time, this leads to slightly dif-
ferent free lengths from the sample’s center to its boundary when
applying 180deg rotations.

Influence of Pattern Symmetry. As shown by Schumacher et al.
[2018] in the context of structured sheet materials, pattern symmetry
translates into material symmetries. For example, a three-fold ro-
tational symmetry implies an isotropic bending response for small
curvatures. As can be seen from Figs. 7a and 8h, our three-fold
symmetric scaled sheets obey this rule, each showing a circular

moment-curvature profile. For larger curvatures, however, we ob-
serve lobe-shaped stiffness variations in our simulations whose
number and frequency depend on both pattern and magnitude of
curvature. The physical sample for the hexagonal pattern (Fig. 9a)
confirms these predictions. Due to the aforementioned limitations
in our measurement setup, these effects cannot be observed for the
pattern shown in Fig. 9h. For patterns with four-fold rotational sym-
metry (Fig. 7b), we observe tetragonal behavior with equal stiffness
in two orthogonal main directions as expected. Interestingly, the
principal material axes rotate by 45deg for larger curvatures, but
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Fig. 9. Experimental characterization of scaled sheet materials using our omnidirectional bending setup (Fig. 6). We impose 1.5cm indentation at the boundary
of each disc-shaped sample and plot the resulting force at equally-spaced sample locations for 6 full revolutions. Measured data is indicated in red, blue
curves show averages of the 6 samples per direction.

the behavior remains tetragonal. Finally, patterns with one- or two-
axis reflection symmetry (Figs. 7c,d and 8e,f,g) show orthotropic
behavior for small curvatures in accordance with the linear theory.
While the orthotropic behavior and principal directions remain un-
changed, the minimum and maximum stiffness switch directions
for the pattern shown in Fig. 8f ).

Asymmetric Bending Response. In addition to omnidirectional
measurements with constant displacement, we also perform uni-
axial experiments to analyze the nonlinearity of the moment-cur-
vature response (Figs. 10 and 11). One particular aspect that we
seek to highlight in this context is the asymmetry in stiffness for
positive and negative curvatures. For better clarity, we use the terms
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Fig. 10. Asymmetric bending resistance. (a) A linear stage is used to impose
an increasing curvature while force is measured along the horizontal axis.
(b) Opening and closing curvatures give rise to different force-displacement
plots that start to diverge at the onset of contact. (c) Our native-scale
simulation qualitatively reproduces this behavior.

opening and closing to indicate curvatures that tend to increase and
reduce the gap between scales, respectively. For the pattern shown
in Fig. 10, the stiffness for opening curvatures is very low and stays
roughly constant beyond the initial range. For closing curvature, the
behavior initially coincides with the opening direction. Once scales
start to make contact, however, a significant stiffening is observed,
leading to an overall bi-phasic moment-curvature relationship.
While closing curvatures always induce contact, depending on

the pattern, opening curvatures can likewise lead to contact. The
example shown in Fig. 11 illustrates this case on an arrow-like
pattern. It can be seen from the force-displacement plots and the
inset figures that bending in the given direction induces contact
between scales and a corresponding stiffening. This effect can be
explained by the concave shape of the scales, allowing them to
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Fig. 11. Contact-induced stiffening for opening curvatures, using the same
setup as in Fig. 10. (b) We record force-displacement behavior for opening
curvatures of an arrow-like pattern, revealing contact induced stiffening (red
curve) due to non-convex interlocking scales. (c) Our native-scale simulation
reproduces the contact patterns and shows good qualitative agreement with
experimental results.

interlock and resist opening curvatures. It is worth noting that
this effect is highly direction-dependent and only occurs for non-
convex scale shapes. As can be seen from Figs. 10 and 11, our native-
scale simulation results successfully reproduce these experimental
observations, showing qualitatively similar contact patterns among
scales and a corresponding stiffening behavior.

Macro-mechanical Model. We evaluate the accuracy of our ma-
cromechanical model relative to the native-scale simulations by
comparing moment-curvature profiles for different patterns. As
can be seen from Fig. 12, the macro-scale model generally achieves
good agreement with the reference data. For larger curvatures, the
approximation is generally of high quality, whereas we observe
larger deviations for some patterns (Fig. 12 a,b) at lower curvatures.

ACM Trans. Graph., Vol. 43, No. 4, Article 86. Publication date: July 2024.



FlexScale: Modeling and Characterization of Flexible Scaled Sheets • 86:11

a
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0.0122 0.0202 0.0283 0.0363Curvature (𝑚𝑚!")

0.0122 0.0202 0.0283 0.0363Curvature (𝑚𝑚!")

0.0092 0.0152 0.0212 0.0273Curvature (𝑚𝑚!")

0.0092 0.0258 0.0273 0.0288Curvature (𝑚𝑚!")

Fig. 12. Comparison between native-scale simulation results (blue curves) and our macro-mechanical model (orange curves) on four selected patterns (column
1) and different curvatures (columns 2-5).

This effect is arguably to the fact that our fitting approach minimizes
absolute, not relative error, thus prioritizing larger curvatures which
would otherwise induce larger errors (See supplemental material)
. Nevertheless, considering the fact that the macro-scale model
uses only 19 variables to represent the entire material behavior, the
results are rather satisfying.

Synthesizing Scale Geometry for the Macro-mechanical Model.
While our macro-mechanical model captures the bending behavior
of the native-scale simulations, it does not provide scale-level ge-
ometry. To recover this information, we propose a simple method

to synthesize scale geometry in a post-process to macromechanical
simulations.

Starting from the triangle mesh used for macro-mechanical sim-
ulation, we generate a corresponding high-resolution scale mesh
whose bottom faces are coplanar with the rest configuration of
the simulation mesh. These scale mesh vertices are then converted
to barycentric coordinates on the simulation mesh. For a given
deformed simulation mesh, we estimate deformed scale positions
through barycentric interpolation. For each scale, we compute the
rigid transformation that best fits the estimated scale positions in
two steps. First, we find optimal rotations using Procrustes analysis.
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We then compute the optimal translation by minimizing per-vertex
error in a least-squares sense. The result of this procedure can be
seen in Figs. 13 and 14.

Large-Scale Simulation. Our macro-mechanical model is fitted to
native-scale simulations that assume infinite patch sizes not found in
real-world scenarios. We test the ability of our model to generalize
to large structures with finite boundaries by comparing native-
scale simulations of a 100mm×50mm rectangular sheet to shell
simulations using our macro-mechanical model. We impose discrete
curvatures ranging from 0mm−1 to 0.025mm−1. As can be seen in
Fig. 13, our model closely tracks the energetic response of the native-
scale simulation for low curvatures and slightly overestimates it for
larger curvatures.

Next, we evaluate the anisotropic response of ourmacro-mechanical
model using the same rectangular sheet against the native-scale
simulation with periodic boundary conditions. To this end, we rotate
the scales in the sheet to align them with the direction of curva-
ture of the native-scale simulation. Fig. 14 demonstrates that the
two simulations agree very well despite the difference in boundary
conditions.

Performance. To evaluate the performance of the macro-scale
model, we compare computation times for the example shown in

Fig. 13. Bending simulation of a 100mm×50mm rectangular sheet covered
with arrow-shaped scales using the native-scale model (blue) compared
against a shell simulation using the fitted macro-mechanical model (red).

Fig. 13 for macro- and native-scale simulations. To properly model
the geometry of the scales, the native-scale mesh requires 577,806
vertices and 575,477 faces while the macro-scale mesh needs only
2,746 vertices and 5,288 faces.
Both simulations run on a 24-core AMD 7960X machine with

64GB of memory. While the native-scale simulation takes 659,817ms
to converge on average, ourmacro-scalemodel only requires 14,142ms,
which corresponds to a 46-fold gain in performance. This difference
is further increased for larger curvatures (see supplemental mate-
rial).

5 CONCLUSIONS
We presented a new approach for computational modeling and
mechanical characterization of scaled sheet materials. Our results
indicate that our method is able to capture the complex mechanical
effects induced by inter-scale contacts, including nonlinear stiffen-
ing, strong direction-dependence, and asymmetry in stiffness with
respect to opening and closing curvatures. Our macromechanical
model offers good approximation of the native-scale behavior at a
fraction of the computational costs, thus opening the door to design

Fig. 14. Directional bending energy density for simulations using our macro-
mechanical model for a 100mm×50mm rectangular sheet (red) compared
against native-scale simulations with enforced periodic boundary conditions
(blue). All simulations are run at a curvature of 0.02mm−1.
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tools that operate on large-scale simulations. An experimental anal-
ysis on 3D-printed samples confirms the qualitative predictions of
our simulation models.

5.1 Limitations and Future Work
We have only considered periodic patterns from the isohedral tiling
families, each of which is made from a single scale shape. While
the space of patterns that can be generated in this way is large,
tiling 3D surfaces with non-zero Gaussian curvature is impossible
with a single tile shape. In the future, we would like to investigate
approaches that allow for adaptive tiling with changing element
shapes and topology, e.g., based on generalized Voronoi diagrams.
Another possibility to create non-periodic scale patterns would be
to use the star-shaped Voronoi diagrams of Martinez et al. [2019].
For the scales that we investigated in this work, interaction through
contact only occurs at the scale boundaries. However, many animals
possess overlapping scales that provide higher protection to punc-
turing. Exploring materials based on this concept, e.g., for protective
sportswear is an exciting direction for future work. We designed
our bi-phasic macromechanical model based on the assumption
that scaled sheet materials exhibit a clear curvature threshold (per
direction) at which contact between scales occurs. However, this
assumption is not generally satisfied as some patterns may lead to
contacts forming gradually with increasing curvature. While our
method can still be applied to such materials, approximation errors
will likely be more pronounced in these cases. Although our ap-
proach for generating scale-level geometry for macro-mechanical
simulations often yields visually convincing results, it can induce
intersections between synthesized scales. More advanced synthesis
methods similar to [Sperl et al. 2021] might be able to avoid these
problems. Finally, we would like to integrate scale simulation with
inverse design algorithms such as to enable the creation of per-
sonalized protective gear and soft robotics skins that offer optimal
flexibility and protection.
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A CYLINDRICAL BENDING IN ARBITRARY
DIRECTIONS

We use the following transformations to compute mid-surfaces for
uni-axial bending in arbitrary directions:

(𝑤𝑟
1 ,𝑤

𝑟
2) = 𝑹𝑇2D (𝑤1,𝑤2)𝑇 (14)

𝜑 (𝑤1,𝑤2) = 𝑹3D

(
− 1
𝜅

sin(−𝜅𝑤𝑟
1),𝑤

𝑟
2 ,−

1
𝜅

cos(−𝜅𝑤𝑟
1)
)𝑇

, (15)

where 𝑹2D and 𝑹3D are rotation matrices defined with respect to
the direction of bending 𝛼 = [0, 𝜋) as

𝑹2D =

(
cos(𝛼) −sin(𝛼)
sin(𝛼) cos(𝛼)

)
, and 𝑹3D =

©­«
cos(𝛼) −sin(𝛼) 0
sin(𝛼) cos(𝛼) 0

0 0 1

ª®¬ .
B PRINCIPAL CURVATURES AND DIRECTIONS
The analytical forms of the curvatures and directions can be obtained
by computing the eigenvalues 𝒗 and eigenvectors 𝒆1,2 of a 2 × 2
matrix [𝜅𝑥𝑥 𝜅𝑥𝑦 ;𝜅𝑥𝑦 𝜅𝑦𝑦], where

𝝀 =


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The direction of the first principal curvature can be computed as
the angle 𝜃1 between two vectors 𝒗1 = 𝜅𝑥𝑦 and 𝒗2 =

𝜅𝑦𝑦

2 − 𝜅𝑥𝑥
2 +√︃

𝜅2
𝑥𝑥−2𝜅𝑥𝑥𝜅𝑦𝑦+𝜅2

𝑦𝑦+4𝜅2
𝑥𝑦

2 , which is computed as,

2 tan
𝜃1
2

=
2𝒗1 × 𝒗2

∥𝒗1∥∥𝒗2∥ + 𝒗1 · 𝒗2
. (19)

The direction of the second principal curvature 𝜃2 can be likewise
computed. However, curvature eigenvectors are not well-defined
for repeated eigenvalues. For instance, for a flat sheet we have
𝜅𝑥𝑥 = 𝜅𝑥𝑦 = 𝜅𝑦𝑦 = 0. To avoid this problem, we slightly perturb
the computed curvatures to be non-zero when initializing our simu-
lation. Other repeated-eigenvalue cases are avoided by the Gaussian
curvature penalization term (see Eq. 13).
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