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Fig. 1. Our method enables robotically-controlled hot wire cutting of complex shapes through tight integration of physical simulation, surface approximation,
and path planning. Our algorithm anticipates and controls the deformations of the cutting rod to maximize the efficiency of every sweep, allowing this bunny

shape to emerge after only 2 cuts, and be completed after 10.

Hot-wire cutting is a subtractive fabrication technique used to carve foam
and similar materials. Conventional machines rely on straight wires and are
thus limited to creating piecewise ruled surfaces. In this work, we propose a
method that exploits a dual-arm robot setup to actively control the shape of
a flexible, heated rod as it cuts through the material. While this setting offers
great freedom of shape, using it effectively requires concurrent reasoning
about three tightly coupled sub-problems: 1) modeling the way in which
the shape of the rod and the surface it sweeps are governed by the robot’s
motions; 2) approximating a target shape through a sequence of surfaces
swept by the equilibrium shape of an elastic rod; and 3) generating collision-
free motion trajectories that lead the robot to create desired sweeps with
the deformable tool. We present a computational framework for robotic hot
wire cutting that addresses all three sub-problems in a unified manner. We
evaluate our approach on a set of simulated results and physical artefacts
generated with our robotic fabrication system.
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1 INTRODUCTION

The ability to use tools is a hallmark of intelligence and it has
profoundly shaped the evolution of human culture. For example,
carving—the process of sculpting away material from a workpiece
in order to reveal a desired artefact—has been used to create art
forms and functional objects since ancient times. Carving demands
skillful manipulation of various tools and intuitive understanding of
the physical interactions between the tools and the objects they are
applied to. Fueled by technological advances, the craft of carving has
grown into CNC milling and cutting processes that now enjoy wide-
spread use. With the continued evolution of carving techniques as a
long-term goal, in this paper we present a computational framework
for robotic hot-wire cutting.

A hot-wire cutter is a tool used to carve polystyrene foam and
other materials that melt or vaporize when subjected to a source of
intense heat. The tool consists of a thin metal wire that is typically
held under tension using a bow. When attached to an electrical
power source, the wire heats up past the melting temperature of
the material. The cutter can therefore create thin cuts through the
workpiece without the need to engage in any physical contact.

Hot wire cutters can be easily mounted on robotic platforms, and
together with milling tools, they are routinely employed in machine
shops. As they are equipped with a straight wire, each cut generated
by a typical hot wire cutter is a ruled surface. Generating efficient
toolpaths for hot-wire cutting is thus a matter of approximating a
desired shape using piecewise ruled surfaces—a topic of intense on-
going research. Nevertheless, finding a high quality approximation
is only part of the challenge; another crucial problem in generating
feasible toolpath trajectories is to ensure that the work-space of the
fabrication machine and collision avoidance constraints are taken
into account—a point we will return to shortly.
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The straight-wire cutters that are typically used today prompted
us to explore the following question: what if the wire could bend
dynamically throughout each cut? To begin answering this question,
we employ a YuMi® IRB 14000 robot as our hardware platform for
hot-wire cutting. The robot has two arms, each with 7 degrees of
freedom, and it holds the hot wire—an inextensible elastic metal
rod—with its end effectors. The shape of the rod can therefore be
actively controlled by adapting the position and orientation of the
robot’s grippers. This setup enables a much broader space of possible
shapes to be cut. Nevertheless, the task of approximating a target
shape using surfaces generated by sweeping a flexible rod is an open
problem. In our setting, this problem is particularly interesting as
the shape of the rod is governed by elasticity equations that capture
its mechanical behavior.

In summary, hot wire cutting with robot-controlled flexible rods
entails three tasks that are inseparably intertwined:

Physics-based modeling: determine how the shape of the rod
and the surface it sweeps change with the robot’s motions.

Surface approximation: approximate a target shape using a
sequence of surfaces swept by an inextensible elastic rod.

Path planning: generate collision-free motion trajectories that
enable the robot to create desired sweeps with the deformable
tool.

In this paper, we present a toolpath generation technique for robotic
hot wire cutting that accomplishes all three of the above tasks within
a unified formulation. In particular, our method is able to anticipate
and exploit the way in which the robot’s pose affects the shape
of the cutting rod at every moment in time. In combination with
a dedicated distance measure, this ability enable us to maximize,
directly as a function of the robot’s motions, the degree to which
the path swept by a deforming rod conforms to a given target shape.
We generate a variety of simulated results and physical artefacts to
evaluate the efficacy of our method.

2 RELATED WORK

Flexible hot-wire cutting involves concepts from different fields,
ranging from the mathematics of surface approximation by swept
curves to the simulation of elastic rods, and from motion planning
and tool path generation to material science in general. To our best
knowledge, the problem has not been addressed as a whole before.
In particular, this is a first attempt to simultaneously solve surface
approximation and tool path planning, considering multiple cuts
and leveraging all degrees of freedom offered by a robot-controlled
hot-wire cutter.

Surface Approximation. Path planning for conventional hot-wire
cutting has close ties to computational geometry. Indeed, the sur-
faces generated by sweeping straight wires along spatial curves cor-
respond exactly to the class of ruled surfaces, which have many appli-
cations in architecture [Pottmann and Wallner 2001]. The question
of how to best approximate a given input shape by ruled surfaces
is still the subject of ongoing research. For simple tensor-product
patches, this problem can be solved using dynamic programming
[Wang and Elber 2014]. For more general surfaces, [Flory et al. 2013;
Flory and Pottmann 2010] decompose the target shape into strips
based on asymptotic directions. These strips are then approximated
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by a set of ruled surfaces that minimize the quadratic distance from
the input. While each of the strips could potentially be cut with a
single sweep of a straight wire, the deviation from the initial shape
can be significant. Our path planning algorithm controls the shape
of the wire during cutting such as to best conform to a given surface
region. In this way, our method is able to cut non-ruled patches
with a single sweep, which leads to better surface approximation
for a given number of cuts.

Apart from the particular class of ruled surfaces, approximating
general shapes with simpler types of surfaces is a problem that has
been studied extensively in computer graphics and computational
geometry. For example, Cohen-Steiner et al. [2004] introduced a
variational framework for approximating shapes with flat polygons.
Chen et al. [2013] used a similar idea for shape fabrication using flat
panels. Shape approximation by developable surfaces is another heav-
ily investigated topic; see, e.g., the recent works by Stein et al. [2018]
and Rabinovich et al. [2018]. While flat panels and developable sur-
faces have important applications in cost-efficient manufacturing,
our method exploits the potential of flexible hot-wire cutting to effi-
ciently approximate complex shapes with non-developable surfaces.

Surface Matching & Registration. As a core component of our
method, we must quantify the efficiency of individual cuts, which
requires a measure of distance between the surface swept by the
cutting wire and the target shape. Since these surfaces do not exhibit
an a priori correspondence, this problem is similar to partial surface
registration. Standard registration is the process of aligning two data
sets by finding a rigid transformation that takes one set, known as
the moving set, as close as possible to the other, fixed set. Arguably
the most widely used method to solve this problem is Iterative
Closest Point (ICP) [Besl and McKay 1992; Chen and Medioni 1991],
which splits the optimization into two alternating steps. The first
step matches each point in one set to the point closest in the other
set based on their Euclidean distance. With these correspondences,
the second step then finds an optimal rigid transformation using,
e.g. , the Procrustes method.

Many variations of ICP have been proposed. Some methods con-
sider robust [Jian and Vemuri 2011] or sparse [Bouaziz et al. 2013]
registration to deal with noisy or partial data for which not all points
can be reliably matched. Non-rigid registration is another extension
of ICP in which the moving data set is allowed to deform. This re-
quires a deformation model, which can be either intrinsic [Li et al.
2008] or extrinsic [Myronenko and Song 2010] and must balance
between matching and distortion. Our approach can also be seen
as an instance of non-rigid registration, but the admissible defor-
mations are restricted to the space of surfaces that can be swept by
equilibrium configurations of a robot-controlled elastic rod.

Toolpath Generation. As a core component of our method, path
planning for our dual-arm robot setup can be framed in the broader
context of toolpath generation problems. In CNC applications, the
tool is most commonly a drill bit and the objective is to find a path
that creates the desired surface while respecting reach and speed
constraints imposed by the machine. For example, Muntoni et al.
[2018] decompose arbitrary shapes into axis-aligned pieces that can
be milled with a 3-axis CNC machine in a single pass. Similarly, Zhao
et al. [2018] decompose an input shape for a 3+2-axis machine and
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use Fermat spirals for the toolpath. Similar concepts appear in the
context of 3D-printing, where the last few years have seen increasing
interest in using robot arms for, e.g., wireframe fabrication [Wu et al
2017, 2016] and curved printing [Dai et &018]. In contrast, in this
paper we consider the challenges and opportunities that arise when
using a deformable tool, whose shape is governed by the motions
of the robotic system and the mechanics of exible Kirchho rods.

Perhaps most closely related to our work is the e ort by Sgn-
dergaard et al. [2016], who demonstrate the potential of exible
hot-wire cutting to produce doubly-curved surfaces with one single
sweep. There are, however, two important di erences between their
method and the approach that we propose. First, Sgndergaard et
al. require the cutting blade to stay planar, which simpli es com-
putations but restricts the space of admissible robot motions. Our
approach imposes no such restrictions, allowing the robot to auto-
matically discover complex motions that exploit non-planar wire
con gurations. Especially for complex models, this ability proves
crucial for optimizing cut e ciency while avoiding collisions. As
the second major di erence, a sweep path normal to the cutting
plane has to be prescribed by the user in [Sgndergaard.&Cil6].
Furthermore, the input model has to be segmented into su ciently
simple patches that can be cut with a single sweep. Assuming this
type of input simpli es surface approximation to a sequence of 2D
curve approximation problems, but it critically relies on the user
to solve nontrivial problems. While our approach supports man-
ual guidance, it does not rely on any user input and can generate
optimized cut sequences in a fully automatic way.

Rust et. al [2016a; 2016b] propose another approach to exible hot-
wire cutting based on a forward design approach. In their method,
the user manually speci es a robot trajectory and the system dis-
plays a simulation-based preview of the result. Their simulation
model accounts for contact between a slack, soft wire and the carv-
ing material. While we do not aim to simulate the physics of the
cutting process itself, our method leveragesersesimulation to
anticipate and control the shape of the wire during cutting.

3 THE METHOD

Our method enables robotically-controlled hot wire cutting of com-
plex shapes by tightly integrating physical simulation, surface ap-
proximation, and path planning. Our physical setup, illustrated in
Fig. 2, consists of a dual-armed robot controlling the shape of a
exible metal rod through the position and orientation of its two
end-e ectors. Given a target shape, our method generates a se-
quence of trajectories for the robot that sweep the rod through the
workpiece to create a cut. The trajectories for each cut are optimized
such that the rod moves and deforms in order to maximally decrease
the di erence between the current workpiece and the target shape.
Having introduced some basic concepts and de nitions (Sec. 3.1),
we start by describing the map between robot con guration and
equilibrium shape of the cutting rod (Sec. 3.2). To quantify the e -
ciency of a given cut, we propose a dedicated metric based on robust
partial surface matching (Sec. 3.3). Our optimization method lever-
ages these two components to generate cuts with maximal e ciency
(Sec. 3.4) while ensuring robustness of the wire against perturba-
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Fig. 2. An overview of the main components of our system, which takes as
input a kinematic description of the robot and a target shape. The output

are robot trajectories which generate toolsurfac&g that cut through the
material. These cuts lead to a sequence of workpie@ég that approximate

the target shape with increasing accuracy.

corresponding to local minima, we additionally describe a continua-
tion method that adaptively tightens convergence thresholds based
on progress (Sec. 3.6). Finally, we integrate this cut optimization
scheme into a sequential path planning tool that initializes cuts

either in a fully-automated or user-controlled way (Sec. 3.7).

3.1 Toolsurfaces & Proper Cuts

Analogously to toolpaths, we refer to the surface generated by a
given cut as thdoolsurfaces. Each cut removes part of the work-
pieceW , thereby reducing its distance to the target shape. Starting
from an initial workpieceW 1, the sequence of toolsurfac&g re-
sults in a sequence of workpiec®¥, , whereW, 1 W T .
EachSy divides the currentW into two volumes: the one that
remainsW ", and the one that is removedty I?“t (see Fig. 2). Ap-
plying Sk to Wy thus results in a more re ned workpiec®# .1 =

W ", which is then used as input for computingy +1.

Discretizationln the discrete setting, a toolsurface is de ned by
a set of piecewise linear curves stacked in time, each corresponding
to an equilibrium state of the cutting wire. Given robot joint angles
gi, the corresponding equilibrium shape of the rod is found by
minimizing its elastic energy subject to the boundary conditions
imposed by the robot (Sec. 3.2). We assume that the rod is quasi-
inextensible, and that the robot moves slowly enough such that the
motions are quasistatic. The joint trajectories are linearly discretized

tions and inaccuracies (Sec. 3.5). To avoid undesirable solutionsnq timestepsy; wherei = 1;: :::n. Eachg; produces a di erent
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