Shape Modeling and Geometry Processing
Derivation of the cotangent formula
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Barycentric Coordinates

P — W1V] + W2Vy + W3V3
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Barycentric Coordinates

P = wW1V] + W2Va T+ W3V3
Partition of unity: wyi + wo + w3 =1

P =wivy + wave + (1 —wyp — wa)Vvs
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Piecewise linear functions on meshes

Hat functions and PL interpolation Bi(p)
f(p) = Bi(p)fi + Bj(p)f; + Br(p)fx \/ W
B;(p) + Bj(p) + Br(p) =1
Bi(p) JJ
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Piecewise linear functions on meshes

Hat functions and PL interpolation Bi(p)

f(p) = Bi(p)fi + B;(p)f; + Br(p)[fx \/ W
B;(p) + Bj(p) + Br(p) =1

Gradients Bi(p) JI

Vf(p)=VBip)fi + VB;(p)f; + VBi(p)fx
VB;(p)+ VBj(p) + VBk(p) =0 \/
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Piecewise linear functions on meshes

Hat functions and PL interpolation ]T Bi(p) Bi(p)
f(p)=Bi(p)fi + Bi(p)f; + Br(P) [k Vi\/wc wW .
B;(p) + B;(p) + Bx(p) = 1 _ !
Gradients Bup) AAI

Vf(p)=VBip)fi + VB;(p)f; + VBi(p)fx
VB;(p)+ VBj(p) + VBk(p) =0 \/

Y

Vi) =(f; — fi)VBj(p)+ (fr — fi)VBk(p)
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The hat function

0
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The hat function
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Gradient of the hat function




Gradient of the hat function
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Gradient of the hat function
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Gradient of the hat function
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Gradient of the hat function
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Gradient of the hat function
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Gradient of the hat function
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Piecewise linear functions on meshes

Hat functions and PL interpolation Bi(p)
f(p) = Bi(p)fi + B;(p)f; + Br(p)[fx \/ W
Gradients Bi(p) JI

Vip)=(fi — fi)VB;(p) + (fx — fi)VBx(p) vi\/
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Piecewise linear functions on meshes

Hat functions and PL interpolation ]T Bi(p) Bi(p)

Gradients

Bi(p)
Vi) =(f; — fi)VB;)+ (fr — [i)VBL(p) "lﬁrw
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Laplacian operator

The Laplace operator is defined as the divergence of the gradient
of a function:

Af:vszV'vf:fuu+fvv

A function is harmonic if its Laplacian is null everywhere
Its generalization to surfaces is called Laplace-Beltrami

ASV — —2Hn

where V are the coordinates of the mesh vertices, H is the mean curvature and
n is the normal
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Discretization of the Laplacian

Af(w) = o A
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Discretization of the Laplacian

1
Af(u) = Af(u)dA
A(“) A(u) n

. / 1\

Divergence theorem: = T~
A 0A

/ divF (u)dA = 7{ F(u)-n(u)ds ) P

A DA
ETH
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Discretization of the Laplacian

1
Af(u) = Af(u)dA
A(“) A(u) n

. / 1\

Divergence theorem: = T~
A 0A

/ divF (u)dA = 7{ F(u)-n(u)ds ) P

A DA

Af(u)dA = /A(u) divV f(u)dA = /aA(u) Vfi(u)- -n(ua)ds

A(u)
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Discretization of the Laplacian

1
A — A dA
1) = 4y [, AT
A(v)
Divergence theorem:
/ divF (u)dA = F(u)-n(u)ds
A 0A Vi
Af(u)dA = / divV f(u)dA = / Vfi(u)- -n(ua)ds
A(u) A(u) O0A(u)
-n(u)d
tESZ( ) LA(u)ﬂt (U) ’
ETH
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Discretization of the Laplacian

----------------------------------------------------

1 1

M) = gy [, ATwaA= g Y | Vrw-n(wds

----------------------------------------------------
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Discretization of the Laplacian

Af(a) = 5o A=

/ Vf(u) n(u)ds =
OA(u)Nt
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Discretization of the Laplacian

1
Af(u) = Af :
() A(a) Ja(u) ) te%(: ) /‘M(u)ﬂt A
OA(u)Nt
= |le1][Vf(u) -ni + [[e2]|Vf(u) - no ’\»m
€1
‘eif
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Discretization of the Laplacian

1
YA — YA d
f(u) A(a) Ja) f(w te%(:)/ﬁA(u)ﬂt ) - m(u)ds
[ Vi) n(uds = "
OA(u)Nt

= |le1||[Vf(u) -1y + [lex]| Vf(u) - no ’

— V£ (u)- (leslns + [lez]nz) /ﬁ
€2
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Discretization of the Laplacian

1
YA — YA d
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Discretization of the Laplacian

1
Af(u) = Af ’
(u) A(u) A(u) ) teg(:)/(%(u)m g
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Discretization of the Laplacian

1
Af(u) = A(u) A(u) Af(w) tég(: ) /69A(u)ﬂt ) - miu)ds
/ Vf(u) n(u)ds = u
OA(u)Nt
= ler|[Vf(w) - n1 + [le2]| Vf(w) - m s
= Vf(u)-(|ler]n1 + ||ez2]nz) e
=Vf(u)- (e} +e5) ‘ejg:
=V f(u)-(e1+ez)"
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Discretization of the Laplacian

Afw) = o [ Afwaa= = 3 ) n(u)ds

A(ll) A(u) tES( ) A(u)ﬂt

/ Vf(u)  n(u)ds = "
OA(u)Nt

= |le1||[Vf(u) -0y + [le2]|VF(u) - n .
= Vf(u)- ([ei]n; + [les]n2) e,
(
(

= Vf(u):
= Vf(u)-

e; + ey )

e —|-62)
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Discretization of the Laplacian

Afw) = o [ Afwaa= = 3 ) n(u)ds

A(ll) A(u) tES( ) A(u)ﬂt

/ Vf(u)  n(u)ds = "
OA(u)Nt

= llel|[Vf(u) -ny + ez Vf(u) -n
—Vf( ) -

(u

(let|Iny + [Je2[n2) e,
(u) - (ef + e3) 2
= Vf(u) - (e
= Vf(u) - (

—I-ez)

a—b)
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Discretization of the Laplacian

1
Af(u) = Af d
() A(a) Ja) () tg(:)/zm(u)mt ) - nlu)ds
/ V£(u) - n(u)ds = "
OA(u)Nt

= Vf(u)-(a—b)-
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Discretization of the Laplacian

1
YA = A d
f(u) A(a) Ja) f(w te%(: ) /£9A(u)ﬂt ) - m(w)ds
/a o, V) s = "
= Vf(u) -(a—b)*" ’b
1 Vk
= 5 V() - (vj—vie) - .
A
V;
ETH
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Discretization of the Laplacian

1 1
A = e [ AT = g(:u) /8 oy V7@ n()ds
/&4( - Vf(u) n(u)ds = .
Y V) (a-b)t y>
1 N Vi
= 5 Vf(u) - (vj = vie) : n
= (f(vp) — B =
+ (f(vk) — f(u)) v —w) 42? mhi) V;
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Useful trigonometric formulas

Triangle area using trigonometry:

1 . L
Ay = o siny vy — ulv; = Vi) = 5 simyeu = vl [v; = vic|

u
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Useful trigonometric formulas

Triangle area using trigonometry:

1 1 .
Ay = 5 siny vy = ul[vs = vicll = 5 sinyellw = vid|[}vg = vid
u
Law of cosine:
. . . — Vk

COS v = (V.] 11) (VJ Vk) Vk

|v; — ulf|lv; — vl

U— Vi) (Vi — Vk
oy — B Vi) (¥ = vi) )

[u = vi|[||v; — vl
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Substitute

(1(vy) = ) S )
() — () T =
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Substitute

(1) = ) St )
() — g I =

Eidgendssische Technische Hochschule Ziirich
Swiss Federal Institute of Technology Zurich



/ Vi(u) n(u)ds =
O0A(u)Nt
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Substitute

1

-5 sin g ||u — vk ||||v; — vik|

(f(v;) — f(u)) (1= Vi) ‘4;4(:‘1__ Vi
(vi—u)* - (vj — vi)"

+ (f(vk) — f(u))

AA,~— ; siny; ||vy — ul|||vj — vk|

u

Eidgendssische Technische Hochschule Ziirich
Swiss Federal Institute of Technology Zurich



Substitute

/(M( - Vi(u) n(u)ds = . .
— (f(vy) — )N 4;4(:‘1; L PR —

1

(vi —u)*" - (vj — Vi)

AA,~— ; siny; ||vy — ul|||vj — vk|

+ (f(vk) — f(u))
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We are done, sum on all triangles

/ Vf(u)-n(u)ds = cot yk (F(vy) = F(w)) ;COt i (f(vi)) — f(w))
OA(u)Nt
1
M) = gy [, Afwaa = g %(j | / o, V) )
1 o
~ 24(u) : ;N(m(mt a; +cot §;) (f(vi) — f(u)) i>. v
\5\

I L Eidgendssische Techn ische Hochschule Ziirich
Swiss Federal Inst itute of Technology Zur ich



Linear Precision

Av = (0 on the Euclidean plane

Af(w) = o A

= A(lu > /a ) - n(u)ds

teS(u) A(u)ﬂt

Vi(u)=TIand > nlu) =

teS(v)
on the Euclidean plane

—> Av =0
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The End

Thank you!
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