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What are good maps?

\
S . :
\» Bijectivity Low distortion

Bijective Bijective distortion
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Distortion - Types

Conformal Isometric
distortion distortion
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Distortion - Types

Conformal Isometric
distortion distortion

B
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Distortion - Types

|

Conformal Isometric
distortion distortion
(_1%

The distortion is a function
of the Jacobian at a point

\_

J

21/3/2018 Roi Poranne
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The Jacobian

A mapping f(x,y): R —» R# is defined by
two functions:

ulx,y) vix,y)

f(x,y)= (u,v)

N
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The Jacobian

A mapping f(x,y): R —» R# is defined by
two functions:

ulx,y) vix,y)

The Jabocian J is defined by
Uy uy . Vu
(”x vy) - (\777)

ETH - urich



The Jacobian

The Jabocian J is defined by
Uy Uy  (Vu
(Ux Vy) - (VU)

f(x,y)= (u,v)

N
W

an
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Distortion types

Conformal - angle preserving

ETH - urich



Distortion - LSCM [Lévy et al. 2002]

LSCM - Least Squares Conformal Map

We want the tobe a
Jacobian similarity matrix
dyu dyu a —f
0,V 0,V f «

Ol = 0yV Cauchy-Riemann

Equations

dyu —0d, v

ETH - urich



Distortion - LSCM

LSCM - Least Squares Conformal Map

We want the tobe a
Jacobian similarity matrix

dyu dyu a —f
0,V 0,V f «
Discm = (0,u — 6yv)2+(8yu + 0,v)?

ETH - urich



Quick Notation Change

Jf — ]

dyu dyu a b
)
0,V 0,V c d
Discm = (0,u — ayv)z——(ayu + 0,v)?
(a — d)+(b + c)?

21/3/2018 Roi Poranne # 12
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Distortion types

Conformal - angle preserving

DiscM=(a — d)?

(b + c )?

ETH - urich



Distortion types

Conformal - angle preserving

D)= I+T" -2 D 1|,

ETH - urich



Distortion types

Conformal - angle preserving
T 2
DI =T+ -2 DI|

Isometric - length preserving

DI)=[I-R|.

ETH - urich



Distortion types

Conformal - angle preserving
T 2
DI =T+ -2 DI|
Isometric - length preserving
2
DI)=I-R,
Authalic - area preserving

D(J) =(det J — 1)°

ETH - urich



Singular value of the Jacobian

_ T _ op 0Y\ 7
J=USV —U(O UZ)V

01 > Oy

01,0, determine the local principle stretches

ETH - urich



Singular value of the Jacobian

01,0, determine the local principle stretches

Conformal 01 = 0y
Isometric 01,0, =1
AUthal]C 0109 = 1

ETH - urich



Distortion types

Conformal - angle preserving
or=0, D(I)=[I+I" -2
Isometric - length preserving
o,0,=1 D(I)=[I-R];
Authalic - area preserving

o0, =1 D(J)=(det J — 1)

ETH - urich



Distortion types

Conformal - angle preserving

0y =02 D(J)
Isometric - length preserving
0-1) 0-2 — 1 D(J)

Authalic - area preserving

0109 = 1 D(J)

ETH - urich
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What Is a Parameterization?

T

A

s
==
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What Is a Parameterization?
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What Is a Parameterization?

L
N

AV.VA::;'-
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What Is a Parameterization?

S
(=

h

# 24 ETH - uric
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What Is a Parameterization?

S
(=

h
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Good Parameterization

No flips
X »
Minimal
tretch
AN
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Good Parameterization

No flips ~=

21/3/2018 Roi Poranne # 27



Local flips

ETH - urich



Good Parameterization

No flips ,
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Good Parameterization
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Distortion on Triangle Meshes
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Distortion on Triangle Meshes

O(p) =Jp+t

X i

D(J)
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Distortion on Triangle Meshes

v <I>(p)—.]p+tw
> D(Iy) v
r
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Distortion on Triangle Meshes

O(p) = Jp +t
minZD(Jf) v
f
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100K Faces: 3s

Distortion types

21/3/2018 Roi Poranne
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Convex Combination Maps

222222222
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Convex Combination Maps

222222222

ETH - urich



Convex Combination Maps

X = ) WiX;

Wi>0

21/3/2018 Roi Poranne # 38
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Convex Combination Maps

Fix 2D boundary to convex polygon.

Define drawing as a solution of
(>0 (i,j) € E

D w,  (ii),ieB
g 1 (i,1),7 € B

Wy =b
4 Y 0 otherwise
W is symmeltric : w,o=w,

Weights w;; control triangle shapes
Guaranteed bijectivity

A
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Example

Lo

,fﬂ._-WIv

>
! <€

—_> X

N MO M N 1 4 O O O

— N O I O N O O O

J

Uniform Laplacian Matrix
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Why it Works

Theorem (Tutte, Floater)

If G =< V,E >is a 3-connected planar graph (triangular mesh)
then any convex combinataion map has no intersections.

VAN,
SR
ST SRS
S AEREEED
RIS DA

) ey AR 7
g S VAV e vy
Yy iy 4“ e QpTars vy i S
VA S it
RS T O S
=

21/3/2018

Roi Poranne # 41 E'HZUFICh



Harmonic Maps

f is harmonic if it satisfies (for each coordinate):
Ayf =0

Minimizes the Dirichlet energy

1
En(f) = 5 | IVSfI1

Easier to compute than conformal
Does not preserve angles

May not be bijective
ETH - urich



Uniform Weights

No shape information - “equilateral” triangles
Fastest to compute and solve
Not 2D reproducible

P

%
A7
]

5

R
3
} B,

5
-
iy

SRS
NSRS SR 0,
Lt [N R D D AR
PR RO TS
= Avmmv%#hv </
=

3
o
W
55

o)

Yy ny

ezt ) -
et K
AP oK
VAYQY T -t

Eb
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Harmonic Weights

B cot(a;) + cot(p;)

Wij 2 Vj V.

3
Weights can be negative - not always convex B
Weights depend only on angles - close to conformal
2D reproducible
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Mean-Value Weights

1)

1)

~—~
(@\]
~
Ze)
N’
-
(4}
)
I_I
—~
AN
~~
<2
N
-
(qe}
d—

Y,

No negative weights - always valid

Result visually similar to harmonic
2D reproducible

Roi Poranne # 45
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uniform

harmonic

mean-value

Example

46



Fixing the Boundary

Simple convex shape (triangle, square,
circle)

Distribute points on boundary
Use chord length parameterization

Fixed boundary can create high distortion

21732018 GBI Roi Poranne # 47 ETH - urich



Non-Convex Boundary

Convex boundary creates

boundary is

b

“Free

better.

Roi Poranne # 48
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Relevant literature

Least Squares Conformal Maps
(LSCM), Lévy et al., SIGGRAPH 2002

A Local/Global Approach to Mesh Parameterization
(ARAP), Liu et al., SGP 2008
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Practical Distortion Minimization

Texture map
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Gradients on surfaces

Like the Euclidean gradient

Arrow pointing in the steepest direction
libIGL tutorial 204

ETH - urich



Gradients on surfaces

Arrows are tangent to

X the surface

described in local
frames
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Gradients on surfaces

Arrows are tangent to

X the surface

described in local
frames
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Gradients on surfaces

Arrows are tangent to

X the surface

described in local
frames
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Discrete Gradients

Functions are interpolated linearly on each
face

The gradient is an arrow on a face

Vi &
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The Gradient Matrices
D, Dy

Given a local frame per face compute the
directional derivative w.r.t. the frames

Vxl Fx
Vi = (Dsf, Dyf)
FxZ FxZ

ETH - urich



Example: Dirichlet energy
min »  D(J;)  DIT)= AT

!
D ApllINIE =
i

_ H‘AO'S(Dxu, D,u, Dyv, Dyv)’ ui

|
A, - 0| #Fx4

ETH - urich



Example: Dirichlet energy
= [|A%5 (D, Dy, Dy, D)

ETH - urich



Example: Dirichlet energy

= [|A%5 (D, Dy, Dy, D)

2

A%D, 0

AO.SDy 0 (u)
0 AO'SDx v
0 AO'SDy

=[Gl

ETH - urich



min

Example: Dirichlet energy

I
@I

ETH - urich



Example: Dirichle;: energy
4 ()l

A (5)”2 — solve A'A (z) =0

min
u,v
ATA =
Dy AD, + D) AD, 0
0 DyAD, + Dy AD,,

ETH - urich



Example: Dirichlet energy

AT A =
(Dg AD, + DJAD,, 0

0 Dy AD, + D§A1)y)

(6 1)
Cotangent Laplacian /\3

ETH - urich



In the assighment
Conformal - LSCM

D)= I+I" - @I1|.

Isometric - ARAP
Vo

2 @)
DI)=[I-R|,
Authalic - area preseteing

D(J) £ (det I — 1)~

ETH - urich



\ 4

As Rigid As Possible

O(p) =Jp+t

S
W 4

min ZHJf — RH
I

222222222
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As Rigid As Possible Measures




\ 4

As Rigid As Possible

O(p) =Jp+t

S
W 4

min ZHJf — RH
I

222222222
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Local/Global for ARAP

min » ||J; — R|f%
7
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Local/Global for ARAP

min ZHJf(X)— RH%
/

ETH - urich



Local/Global for ARAP

min J.(x)— R (J,(x))|%
31,00 R (3,00)

. Y,
Linear Non Linear

222222222
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Local/Global for ARAP

R (J(x))
min ) [[J(x)— %
X I W"/ \§ ~ J

Linear Non Linear

222222222

ETH - urich



Local/Global for ARAP

R = R (Jf(x))

) ,e0-
Linear Non Linear



Local/Global for ARAP

R" = R (J,(x))
min E ||Jf(X)— RF ||%
X I W_,/ g J

. Y,
Linear Non Linear

ETH - urich



Local/Global for ARAP

R = R (Jf(x))
uin ) J0,x0—  R* Ik

)
[ ]
Linear

222222222 Roi Poranne # 74 ETH - urich



Global/Local for ARAP

min zfjn.rf(x)— R (J;(x))[3

lterate

Local

Global

Fix R"

Solve
)

with R” fixed

ETH - urich
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Global/Local for ARAP

min zfjn.rf(x)— R (J;(x))[3

lterate

Local

Global

Solve
)

( R (Jf(xk))

with R” fixed

ETH - urich



Global/Local for ARAP
min Y |17,(x)~ R (J,(x) )}
J

lterate
local R =R (Jf(xk))

Global x"*! =min } [IJ,(x)—R"%
f

ETH - urich



Global/Local for ARAP
min Y |17,(x)~ R (J,(x) )
J

lterate
local R =R (Jf(xk))

Global x"*! =min } [IJ,(x)—R"%
f

ETH - urich



Thank You
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